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Abstract. Consider the following random process: The vertices of a binomial random 
graph G ra p are revealed one by one, and at each step only the edges induced by the already 
revealed vertices are visible. Our goal is to assign to each vertex one from a fixed number 
r of available colors immediately and irrevocably without creating a monochromatic copy of 
some fixed graph F in the process. 

Our first main result is that for any F and r, the threshold function for this problem is given 
by Pa(F,r,n) = n~ 1 / m ^ tyF,r \ where m^(F,r) denotes the so-called online vertex-Ramsey 
density of F and r. This parameter is defined via a purely deterministic two-player game, in 
which the random process is replaced by an adversary that is subject to certain restrictions 
inherited from the random setting. Our second main result states that for any F and r. the 
online vertex-Ramsey density m*(F,r) is a computable rational number. 
Our lower bound proof is algorithmic, i.e., we obtain polynomial-time online algorithms that 
succeed in coloring G„. p as desired with probability 1 — o(l) for any p(n) = o(n~ 1 / mi ( F,r )). 
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1. Introduction 

The study of colorability properties of random graphs has a rich history and has spurred many 
important developments in random graph theory. Thanks to the efforts of many researchers (e.g., [21 
[3] [11] [TJ] (T9] 1221 EQl [35], [36]), very precise bounds on the chromatic number of the random graph are 
known by now. More recently, also several related coloring notions and their associated 'chromatic 
numbers' have been investigated for the random graph (e.g., |H [9l [T2] [231 [221 [23 [311 HO]). 

In this work we are concerned with the following generalized notion of graph coloring: a coloring 
of a graph G is valid with respect to some given graph F if it contains no monochromatic copy of 
F, i.e., if there is no copy of F in G whose vertices all receive the same color. Note that a proper 
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coloring in the usual sense is a coloring that is valid with respect to a single edge. More generally, 
a coloring that is valid with respect to the star with I rays is a coloring in which each color class 
induces a graph with maximum degree at most t — 1 (this is sometimes called an (£ — l)-improper 
coloring, see [23j and references therein). 

The main motivation for studying this notion of colorability comes from Ramsey theory, where one 
usually considers similarly defined ed^e-colorings. The threshold for the existence of a valid vertex- 
coloring of the random graph with respect to some given fixed graph F was determined by Luczak, 
Rucihski, and Voigt |31] , To state their result, we introduce some terminology. 

As usual, we denote by G np the random graph on n vertices (labelled from 1, . . . ,n) obtained by 
including each of the ut) possible edges with probability p = p(n) independently. We say that a 
graph G is (F,r)- vertex- Ramsey if every r-coloring of the vertices of G contains a monochromatic 
copy of F, i.e., if G does not allow a valid r-coloring with respect to F. A graph is a matching if 
its maximum degree is 1. We denote the number of edges and vertices of a graph H by e(H) and 
v(H), respectively. 

Theorem 1 (|31j). Let r > 2 be a fixed integer and F a fixed graph with at least one edge that in 
the case r = 2 is not a matching. Then there exist positive constants c = c(F, r) and C = C(F, r) 



such that 



where 



lim F\G nv is (F,r)-vertex-Ramsey\ = < . ,., 

n^oo ys } l if p( n ) > CrT 1 /™^) 



m\{F) := max 



if p(n) < cn- 1 /™^ 
if P 

e(H) 



HCF:v{H)>2 v(H) — 1 

Note that the parameter mi(F) does not depend on r. It is widely believed (see e.g. [16j) that the 
threshold behaviour is even sharper than stated in Theorem [T] Friedgut and Krivelevich [18] proved 
this conjecture for the class of strictly 1-balanced graphs, i.e. for graphs F for which e(H) / (v(H) — 
1) < e(F)/(v(F) - 1) for all proper subgraphs H C F with v{H) > 2. 

Implicit in the lower bound proof of Theorem [T] is the existence of a polynomial-time algorithm 
that a.a.s. succeeds in finding a valid coloring of G n ,p for p(n) < cn~ l l mi<yF \ where polynomial here 
and throughout means polynomial in n for F and r fixed. (Here and throughout, a.a.s. stands for 
asymptotically almost surely, i.e., with probability tending to 1 as n tends to infinity.) 

In this work, we study the same coloring problem in an online setting, and derive results of the same 
generality as those stated in Theorem [T] for the offline case. 

1.1. The online setting. We consider the following online problem: The vertices of an initially 
hidden instance of G n ,p are revealed one by one in increasing order, and at each step of the process 
only the edges induced by the vertices revealed so far are visible. Alternatively, one can think of the 
random edges leading from each vertex to previous vertices as being generated at the moment the 
vertex is revealed (each edge being inserted with probability p independently from all other edges). 
Each vertex has to be colored immediately and irrevocably with one of r available colors as soon as 
it is revealed, with the goal of avoiding monochromatic copies of a fixed graph F as before. 

It follows from standard arguments (see [33, Lemma 7]) that this online problem has a threshold 
Po(F,r,n) in the following sense: For any function p(n) = o(po) there is a strategy that a.a.s. finds 
an r-coloring of G np that is valid with respect to F online, and for any function pin) = uj{po) any 
online strategy will a.a.s. fail to do so. (Observe that no computational restrictions are imposed in 
this definition, i.e., the coloring strategy is not required to be an efficient algorithm.) 

Note that this is a weaker threshold behaviour than the one stated in Theorem [T] A closer inspection 
of the arguments in this paper shows that the online thresholds are indeed coarser than the offline 
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thresholds given by Theorem [T] the limiting probability that a valid coloring can be found online 
is a constant bounded away from and 1 whenever p{n) has the same order of magnitude as the 
threshold po(F,r,n). This is a consequence of the fact that the online thresholds turn out to be 
determined by local substructures (see |22[ Theorem 3.9]). 

The online problem was first studied in [32J, where the following simple strategy was analyzed. 
Assuming that the colors are numbered from 1 to r, the greedy strategy fixes an appropriate choice 
of subgraphs Hi, . . . ,H r C F, and at each step uses the highest-numbered color i that does not 
complete a monochromatic copy of Hi (or color 1 if no such color exists). Note that this strategy 
can easily be implemented in polynomial time. 

For any graph F and any integer r > 1 we define the parameter mi(F,r) recursively by 



mi(F, r) 



{ <H) 

max — — - if r = 1 

hcf v(H) 

max e(H) + ^(F,r-l) . f f > ^ 

HCF v{H) 



The results of |32j can be stated as follows. 

Theorem 2 (|32]). For any fixed graph F with at least one edge and any fixed integer r > 2, the 
threshold for finding an r-coloring of G n ^ p that is valid with respect to F online satisfies 

Po(F,r,n) >n- l l m ^ F '^ , 

where mi(F,r) is defined in §2^. A polynomial-time algorithm that succeeds a.a.s. for any p(n) = 
^ n —l/mi(F,r)^ £ S g{ ven fry fag g re edy strategy. 

If F has an induced subgraph F° C F on v(F) — 1 vertices satisfying 

m x {F°) <mi(F,2) , (3) 
where m\(F°) is defined in ([T|, the greedy strategy is best possible, i.e., the threshold is 

p (F,r,n) = n - l ' m ^ F ^ . 

The second part of Theorem [2] applies in particular to the case where F is a clique or a cycle of 
arbitrary fixed size (in these specific cases, the appropriate choice of subgraphs Hi, . . . , H r C F for 
the greedy strategy is Hi = • • • = H r = F). Thus for cliques and cycles, explicit threshold functions 
are known. 

It was also pointed out in |32] that the greedy strategy is not best possible in general — as we shall 
see below, the threshold is significantly higher than what is guaranteed by Theorem [2] already in the 
innocent-looking case when F is a long path. 

Our main result gives a combinatorial characterization of the online threshold that allows us to 
compute, for any F and r, a value 7 = j(F, r) such that the threshold is given by po(F, r, n) = ra~ 7 . 
We also obtain polynomial-time coloring algorithms that a.a.s. find valid colorings of G n ^ online in 
the entire regime below the respective thresholds, i.e., for any p(n) = o(po). 

1.2. A general characterization of the online threshold. Our main result characterizes the 
general threshold for the online problem in terms of a deterministic two-player game, which we 
describe in the following. The two players are called Builder and Painter, and the board is a graph 
that grows in each step of the game. Painter wants to maintain a valid coloring of the board, and 
her opponent Builder tries to prevent her from doing so by forcing her to create a monochromatic 
copy of F. 

The game starts with an empty board, i.e., no vertices are present at the beginning of the game. 
In each step, Builder presents a new vertex and a number of edges leading from previous vertices 
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to this new vertex. Painter has to color the new vertex immediately and irrevocably with one of r 
available colors, and as before she loses as soon as she creates a monochromatic copy of F. Note that 
so far this is the same setting as before, except that we replaced 'randomness' by the second player 
Builder. (Put differently, if Builder presents every possible edge with probability p independently, 
this is exactly the online process introduced above.) However, we additionally impose the restriction 
that Builder is not allowed to present an edge that would create a (not necessarily monochromatic) 
subgraph H with e{H) /v(H) > d on the board, for some fixed real number d known to both players. 
In other words, Builder must adhere to the restriction that the evolving board B satisfies m{B) < d 
at all times, where as usual we define 

m{B) := max . . . 
hcb v(H) 

We will refer to this game as the deterministic F -avoidance game with r colors and density restric- 
tion d. 

We say that Builder has a winning strategy in this game (for a fixed graph F, a fixed number of 
colors r, and a fixed density restriction d) if he can force Painter to create a monochromatic copy 
of F within a finite number of steps. Conversely, we say that Painter has a winning strategy if she 
can avoid creating a monochromatic copy of F for an arbitrary number of steps. Note that if for 
some fixed F and r, Builder has a winning strategy for some density restriction d, then he also has 
a winning strategy for every density restriction d' > d. We say that a Painter or Builder strategy 
is optimal if it is a winning strategy simultaneously for all d for which the respective player has a 
winning strategy. 

For any graph F and any integer r > 2 we define the online vertex-Ramsey density m\{F, r) as 

Builder has a winning strategy in the deterministic 
F-avoidance game with r colors and density restriction d 



m\{F,r) := inf < d £ 



(4) 



It is not hard to see that m*(F,r) is indeed well-defined for any F and r. With these definitions in 
hand, our results can be stated as follows. 

Theorem 3. For any graph F with at least one edge and any integer r > 2, the online vertex-Ramsey 
density m\{F,r) is a computable rational number, and the infimum in ^ is attained as a minimum. 

Theorem 4. For any fixed graph F with at least one edge and any fixed integer r > 2, the threshold 
for finding an r-coloring of G U)P that is valid with respect to F online is 

p {F,r,n) = n" 1 /" 1 ^) , (5) 

where m*(F, r) is defined in Q. A polynomial-time algorithm that succeeds a.a.s. for any p(n) = 
o(po) can be derived from one of Painter's optimal strategies in the deterministic two-player game. 

Theorem [4] reduces the problem of determining the threshold of the original probabilistic problem 
to the purely deterministic combinatorial problem of computing m\{F,r) or, informally speaking, 
of 'solving' the deterministic two-player game. According to Theorem [3j the latter is possible by a 
finite computation; note that in the asymptotic setting of Theorem [4j this is in fact a constant-size 
computation. 

It follows from the results of |32j that for any graph F we have 

lim m\{F,r) = m\{F) . 

r— >oo 

Thus the online thresholds approach the offline threshold given by Theorem [T] as the number of 
colors increases. It also follows from an example presented in |32) that if F is the disjoint union 
of two graphs H\ and H2, the parameter m\(F,r) may be strictly higher than both m\(Hi,r) and 
m\{H2,r). (Such a behaviour cannot occur for the parameter m\{F) appearing in Theorem [T]) 
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1.3. Remarks on Theorem [3} To put Theorem [3] into perspective, we mention that none of its 
three statements (computable, rational, infimum attained as minimum) is known to hold for the 
offline counterpart of m\(F,r), i.e., for the vertex-Ramsey density 

m°(F,r) := inf |m(G) | G is (F, r)-vertex- Ramsey} 

introduced in |26] , It is also not known whether such statements are true for two analogous pa- 
rameters related to edge-colorings (see 0(57]). In fact, even the value of m°(i-3,2) is unknown - 
the authors of |26] offer 400,000 zloty (Polish currency in 1993) for its exact determination (here P3 
denotes the path on three vertices). 

As is the case for many parameters in Ramsey theory, computing the online vertex-Ramsey density 
m\(F,r) becomes intractable already for moderately large graphs F. We have an implementation 
that computes m\{F, 2) for all graphs F with at most 7 vertices in under 10 minutes on an ordinary 
desktop computer. Using more computational power, we managed to determine m\{F,2) exactly 
for all non-forests on at most 9 vertices. (Our implementation is rather inefficient for forests - 
we believe that for this special case an adapted program would be much faster, see the remarks in 



Section 1.6 below.) The program can be downloaded from the authors' websites [T]. There might 
be some room for improvement here, but it seems unrealistic to compute m\ (F, 2) for, say, general 
graphs with 20 vertices with our approach in reasonable time. (Recall that the Ramsey number 
R(5), i.e., the smallest integer t such that every edge-coloring of the complete graph on i vertices 
contains a monochromatic K5, is still unknown!) 



1.4. Remarks on Theorem [4} The intuition behind Theorem [4] is the following: It is well- 
known 1 10] (see also [22, Section 3]) that for any fixed graph G, a.a.s. the random graph G n , p 
with p(n) = u{n- l / m( &) contains a copy of G. The textbook second moment method proof of 
this fact can be adapted to show that for p(n) = u>(n _1//rf ) and any fixed finite Builder strategy for 
the deterministic two-player game that respects the density restriction d, a.a.s. the random process 
will exactly reproduce the given Builder strategy somewhere on the board. Thus if Builder has a 
winning strategy for a graph F and some given density restriction d, then in the probabilistic process 
with p(n) = uj{n~ l l d ) 1 any online algorithm will a.a.s. be forced to create a monochromatic copy 
of F somewhere on the board. Consequently, the threshold of the probabilistic problem satisfies 
Po(F,r,n) < n~ x l d . This argument is completely generic in the sense that it does not require any 
assumptions on the structure of Builder's winning strategy. The underlying connection between 
the probabilistic and a deterministic variant of the same problem was first observed in [8] (for the 
edge-coloring version of the problem studied here), and subsequently applied in [5]. The main con- 
tribution of the present work is that for the vertex-coloring problem studied here, the best upper 
bound on the online threshold resulting from this approach is tight (recall ^ and ([5])). 

By the argument we just sketched, every winning strategy for Builder in the deterministic game 
translates to an upper bound on the threshold of the probabilistic problem. It seems to be much 
harder to prove an equally general statement translating Painter's winning strategies in the deter- 
ministic game to lower bounds on the threshold of the probabilistic problem. The reason for this is 
that the probabilistic process satisfies the density restriction imposed on Builder only locally: Even 
though the random graph G np with p(n) = 0(n -1//d ) a.a.s. contains no constant- sized graphs G 
with m{G) > d, the density of larger subgraphs is unbounded — in particular, the expected density 
of the entire random graph is C£)p/n = 0(n 1_1 / d ), which is unbounded for d > 1. Consequently, 
winning strategies for Painter in the deterministic game do not automatically give rise to successful 
coloring strategies for the probabilistic problem. In order to nevertheless establish the desired lower 
bound result we will need a quite detailed understanding of the structure of Painter's and Builder's 
optimal strategies in the deterministic game. 
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Theorem [4] establishes a general correspondence between the original probabilistic problem and 
the deterministic two-player game. We are not aware of any other results that establish a similar 
correspondence between probabilistic and deterministic variants of the same problem. In particular, 
such a correspondence does not hold for the offline version of the problem studied here: according 
to Theorem [T] the threshold for the existence of a valid r-coloring w.r.t. F in the probabilistic 
setting is determined by the parameter mi(F), and not by the parameter m°(F, r) coming from the 
corresponding deterministic problem (in general we have m\(F) 7^ m°(F,r)). 



1.5. Algorithms for efficiently coloring random graphs online. We now describe the structure 
of the coloring algorithms that arise from our approach, and their relation to Painter's optimal 
strategies in the deterministic game. 

We use the concept of ordered graphs. An ordered graph is a graph with an associated ordering of 
its vertices, where this ordering is interpreted as the order in which these vertices appeared in the 
probabilistic process or the deterministic game. We will see that for any graph F and any integer r, 
there exists an optimal Painter strategy (i.e., a strategy that is a winning strategy for any density 
restriction d < m\(F,r)) that can be represented as a priority list over ordered monochromatic 
subgraphs of F. Such a priority list is computed along with m\(F,r) in our approach, and encodes 
the relative 'level of danger' Painter associates with copies of a given ordered subgraph of F in a 
given color. In the asymptotic setting of the probabilistic process, determining such a priority list 
is a constant-size computation. 

Given this priority list, Painter's strategy is the following: Whenever Builder presents a new vertex, 
Painter determines for each color the most dangerous ordered graph that would be completed if the 
new vertex were assigned this color, and then selects the color for which this most dangerous graph 
is least dangerous among all colors. (Observe that this requires Painter to memorize the order in 
which the vertices on the board arrived.) Note that this strategy based on a priority list can be 
easily implemented in polynomial time. 

As we shall see, for any F and r we can compute a priority list such that the strategy represented 
by it is not only (i) a winning strategy for Painter in the deterministic game with density restriction 
d for any d < m*(F,r), but also (ii) a (polynomial-time) algorithm that succeeds a.a.s. in finding a 



valid coloring of G n>p online for any p(n) = o(n 1 / m *(- F ' r )). (Recall from Section 1.4 that (i) does 
not automatically imply (ii)!) 



1.6. Is there an explicit formula for m\{F,r)l From Theorem [2] and Theorem [4] it follows that 
for any graph F that has an induced subgraph F° C F on v{F) — 1 vertices satisfying (J3J), for any 
r > 2 the online vertex-Ramsey density m\{F, r) is given by m\{F, r) as defined in ([2]). (Of course, 
this can also be proved directly by considering only the deterministic game.) 

The question arises whether also for general graphs F the abstract definition of m\ (F, r) in Q can 
be replaced by an explicit formula, perhaps by suitably generalizing the definition ([2]). To address 
this question we point out some of the difficulties involved in the innocent-looking case where F is 
a long path. The results concerning this special case will be published separately in the companion 
paper |37] , 

We first present a simplified formulation of our results for the case where F is an arbitrary forest. 
Suppose d is of the form d = (k—l)/k for some integer k > 2. Then the restriction that Builder 
is not allowed to create a subgraph of density more than d is equivalent to requiring that Builder 
creates no cycles and no components (=trees) with more than k vertices. We call this game the 
deterministic F -avoidance game with r colors and tree size restriction k. 
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Table 1. Exact values of k*(P e , 2) for I < 45. 



Corollary 5 (Forests). For any fixed forest F with at least one edge and any fixed integer r > 2, 
the threshold for finding an r-coloring of G n . p that is valid w.r.t. F online is 

p (F,r,n) = n- 1 - 1 /^ ( - F ^ , 

where k*(F, r) is the smallest integer k such that Builder has a winning strategy in the deterministic 
F-avoidance game with r colors and tree size restriction k. 

(Corollary [5] can also be proved directly by a much simpler proof than the general arguments in this 
work, reusing ideas of |8j.) 

It is not hard to see that k*(F,r) is indeed well-defined for any forest F and any integer r > 2. 
It follows from the results in |32j that for any tree F and any integer r > 2 the greedy strategy 
(with Hi = ■ ■ ■ = H r = F) is a winning strategy for Painter in the deterministic game with tree size 
restriction k = v(F) r — 1, i.e., guarantees a lower bound of k*(F,r) > v(F) r . 

For the rest of this section we focus on the case where F = Pi is the path on t vertices, and r = 2 
colors are available. For this case our general procedure for computing m\{F,r) (or, equivalently 
if F is a forest, for computing k*(F,r)) can be simplified considerably. We were able to compute 
k*(Pi,2) for all I < 45. The resulting values are stated in Table [TJ where the bottom row shows 
the difference k*(Pi, 2) — I 2 , i.e., by how much optimal Painter strategies can improve on the greedy 
lower bound v(Pg) 2 = I 2 . The values in Table [l] and the corresponding optimal Painter strategies 
seem to follow no discernible pattern. In view of this, it does not seem very likely that there exists 
an explicit formula for k*(Pi, 2), let alone for the parameter rn[(F,r) in general. 

The values in Table [T] also raise the question by how much optimal strategies can improve on the 
greedy lower bound asymptotically as I — > oo. We can show that k*(P £ ,2) = n(£ 2m ), i.e., there exist 
Painter strategies that improve on the greedy lower bound by a factor polynomial in I, On the other 
hand, we can prove an upper bound of k*(Pg, 2) = C(£ 2,59 ), which shows that no superpolynomial 
improvement is possible [37J. 

1.7. Further related work. The question of finding valid edge-colorings of random graphs online 
was first considered by Friedgut et al., who proved a threshold result for the case where F is a 
triangle and r = 2 colors are available [17] . In |33| 134] . the greedy strategy was analyzed for the 
edge-coloring setting, and results similar to Theorem [2] were derived for the case of r = 2 colors. 
In [8j, we presented the upper bound approach via deterministic two-player games discussed above; 
this approach was applied by Balogh and Butterfield to derive new upper bounds for the case where 
F is a triangle and r = 3 colors are available It would be very interesting to determine whether 
a general result analogous to Theorem [4] holds for the edge-coloring setting. 

Various edge-coloring Builder-Painter games were studied in the context of deterministic Ramsey 
theory. The smallest number of moves Builder needs to win in the deterministic edge-coloring game 
without any restrictions is called the online ( size ) Ramsey number of F and was studied by many 
researchers [6j [151 ED E3 EH EH]- Variants of the game where Builder is subject to various 
restrictions were studied in |13[ [20| 124"] . 



1.8. Organization of this paper. Before actually proving Theorem 
mally present the main ideas behind our proofs in Section [2] In Section 



and Theorem |4j we infor- 
we describe our procedure 
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to compute the online vertex-Ramsey density m\{F, r) for any F and r. In this section we formulate 
two central propositions (Proposition [6] and Proposition [7] below) which together show that an opti- 
mal Builder strategy and an optimal Painter strategy for the deterministic game can be derived from 
this procedure. The proof of Theorem [3] is based on these two propositions and is also presented in 
Section [3l 

In Section [4] we prove Proposition [6] by deriving an explicit Builder strategy from the procedure 
presented in Section |3j and in Section [5] we prove Proposition [7] by deriving an explicit Painter 
strategy from the same procedure. These two sections can be read independently from each other. 

In Section [6] we finally turn to the original probabilistic problem and present the proof of Theorem |4j 
While the upper bound proof is completely self-contained and can be read independently from all 
other proofs, the lower bound proof relies very much on our analysis of the deterministic game in 
the preceding sections. 

2. Proof ideas 

In this section we aim to give an informal description of the main ideas behind our proofs. We 
will first focus on our procedure for computing the online vertex-Ramsey density, and then briefly 
comment on the proofs of Theorem [3] and Theorem [4] 

2.1. Computing the online vertex- Ramsey density. Throughout this section, we focus on 
the deterministic game and sketch the underlying ideas in our procedure for computing the online 
vertex- Ramsey density m\{F,r) for given F and r. Note that the following is not a proof sketch of 
Theorem [3] — rather, our goal in this section is to develop some intuition for how one arrives at the 
key definitions which stand at the very beginning of our formal arguments. 

2.1.1. Basic observations. Consider a family {Gi, . . . ,Gf} of disjoint copies of the same graph G 
on the board, and suppose that Builder adds vertices V\, . . . ,Vf to the board connecting Vi to G% 
in exactly the same way for all 1 < i < f. Then, by the pigeonhole principle, for a (l/r)-fraction 
of the new vertices, Painter's coloring decision will be the same and result in copies of the same 
r-colored graph G + . By performing this pigeonholing in each step of his strategy, Builder can thus 
force Painter to always create many copies of one of the r graphs G + that Painter may choose from. 
Consequently, in the following we may assume w.l.o.g. that whenever Builder manages to enforce an 
r-colored graph G + on the board, he has as many such copies available as he needs in further steps. 

As it turns out, the only type of move that is useful for Builder is of the following form: Assume 
that for each of the colors s S [r] the board contains a monochromatic copy of some subgraph H s 
of F in color s. Then Builder can force Painter to extend one of these copies to a monochromatic 
copy of a subgraph H£ of F with v(H+) = v{H a ) + 1 for a color a G [r] by presenting a new vertex 
v and connecting it appropriately to the already existing monochromatic copies of H\ , . . . , Hy (see 
Figure [I]). Furthermore, w.l.o.g. Builder will always perform such a step using monochromatic 
copies of the graphs Hi, . . . ,H r that have evolved independently from each other so far, and that 
are therefore contained in distinct components of the board (playing like this throughout will not 
increase the density restriction d for which Builder's strategy is legal). Proceeding in this fashion, 
Builder step by step enforces larger monochromatic subgraphs of F from smaller ones, and eventually 
a monochromatic copy of F (if the density restriction allows it). 

Each monochromatic copy of some subgraph H of F created in this way is contained in a larger 
'history graph' G that encodes all of Builder's construction steps that lead to the monochromatic 
copy of H. Using the notation from the preceding paragraph, the history graph G of H£ arises as 
the union of the history graphs Gi , . . . , G r of the copies of Hi , . . . , H r (due to our assumption on 
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FIGURE 1. Builder enforces larger monochromatic subgraphs of F from smaller ones. 

how Builder plays, these r history graphs are disjoint from each other), the vertex v and the edges 
that connect v to the copies of H\, . . . , H r in G\, . . . , G r . 

2.1.2. Exploring Builder's options. The key ingredient in our approach is a systematic exploration 
from Builder's point of view which monochromatic subgraphs of F he can enforce against a fixed 
Painter strategy. Our final procedure for computing m* (F, r) will have to branch on different col- 
oring decisions of Painter, each branching corresponding to a different Painter strategy, but these 
branchings do not interfere with the ideas we want to present here. In the following we therefore 
assume that Painter plays according to a fixed strategy, and explain on an intuitive level how Builder 
can determine the smallest density restriction d for which he can enforce a monochromatic copy of 
F against the given Painter strategy. 

As a first approach to such a systematic exploration, Builder could maintain for each color s G [r] a 
list H s of all subgraphs H s of F for which he has already enforced a monochromatic copy in color s 
against the given Painter strategy, and also record the specific way in which the graph H s can be 
enforced by storing the corresponding history graph G s . Builder can then use entries (H s , G s ) G T~L S , 
one for every color s G [r], to create new entries (H^ , G) G H a in the manner described above (see 
Figure [T]) , and compute for each such step the smallest density restriction d for which this step is 
legal. (Recall that by appropriate pigeonholing in each step, Builder can create as many copies of 
each entry as he needs on the board.) There is no obvious termination criterion for this procedure, 
i.e., without further arguments Builder can never be sure that he found the smallest possible density 
restriction d for which he can enforce a monochromatic copy of F against Painter's fixed strategy 
(it could be that by building larger and larger graphs he discovers new ways to enforce F that are 
compliant with smaller and smaller density restrictions). In the following we will sketch how this 
approach can be refined to eventually yield a procedure which is guaranteed to find the smallest 
such d in a finite number of steps. 

2.1.3. A generalized density restriction. Note that each new history graph G arising in a given step 
of Builder has a recursive structure. Unfortunately, for computing the smallest admissible density 
restriction for which this step is legal the recursive structure of G does not help. However, by 
suitably generalizing our concept of density restriction the recursive structure of G can indeed be 
exploited. 

For a fixed real number 6 > and any graph H we define 

fig(G) := v(H) - e(H) • 9 , (6) 

and consider the following generalization of the deterministic F-avoidance game with r colors and 
density restriction d: For fixed real parameters 9 > and j3 we require that Builder adheres to the 
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(7) 



We refer to this game as the deterministic F -avoidance game with r colors and generalized density 
restriction (9,f3). For any graph F with at least one edge, any integer r > 2 and any real number 
9 > we define the parameter 



Before discussing how this generalized game allows us to exploit the recursive structure of Builder's 
construction steps, let us explain how it relates to the original game with density restriction d that 
we are actually interested in. 

Note that for any 9 > 0, the game with generalized density restriction (9, 0) is equivalent to the 
game with density restriction d = 1/9. Together with the definition in Q it follows that if for a 
given 9 > we have j3*(F,r,0) < 0, then Painter has a winning strategy in the game with density 
restriction d = 1 /9, and if f3* (F, r, 9) > 0, then Builder has a winning strategy in the game with 
density restriction d = 1/9. So intuitively speaking, computing the online vertex-Ramsey density 
m\(F,r) is equivalent to determining the root of f3* (F,r,9), although it is not clear yet whether 
such a root exists and whether it is unique. 

As it turns out, (3*(F,r,9) does indeed have a unique root 9* = 9*(F,r), and the online vertex- 
Ramsey density m\{F, r) satisfies m*(F,r) = 1/9*. Furthermore, we can show that the root 9* lies 
in an explicitly given finite set Q = Q(F,r) of rational numbers. Therefore, it is straightforward to 
compute m\{F, r) provided we can compute (3*(F, r, 9) for given rational values of 9. We describe a 
procedure that does essentially that, with one major caveat: Observe that if /3 > 0, then the condition 
([7J holds for all subgraphs of the board if and only if it holds for all connected subgraphs. Our 
approach makes crucial use of this observation, and consequently our procedure computes /3*(F, r, 9) 
exactly for any input parameters F, r, 9 for which (3*(F,r,9) > 0, but returns meaningless negative 
values on input parameters for which f3*(F,r,9) < 0. This makes no difference for our purposes 
since in order to find the root of f3*(F,r,9) it suffices to check whether f3*(F,r,9) equals zero for 
given values of 9 £ Q. 

In the following we explain how the generalized density restriction allows us to exploit the recursive 
structure of the history graphs arising in the game. As before our viewpoint is that we are exploring 
Builder's options against a fixed strategy of Painter. More precisely, we consider a fixed value of 
9 > 0, and our goal now is to determine the largest value of f3 for which Builder can enforce a 
monochromatic copy of F in the game with generalized density restriction (9, f3) against the given 
Painter strategy. Combining this with the already mentioned branching on different strategies of 
Painter allows us to compute f3*(F,r,9) as defined in (|8]). 

2.1.4. From history graphs to vertex weights. We return to considering Builder's construction step 
in which monochromatic copies of subgraphs Hi, . . . , H r of F with the corresponding history graphs 
G±, . . . ,G r are connected to a new vertex v, and Painter's decision to assign color a to v creates 
a copy of in color a with history graph G (see Figure [l]) . In order to find the largest (3 > 
for which this step is legal in the game with generalized density restriction (9,/3), we need to find 
the minimal value fio(J) among all connected subgraphs J of G that contain v (recall that we may 
assume that J is connected due to the assumption that f3 > 0). As fig (J) = v(J) — e(J) • 9 as defined 
in (|6| is linear in e(J) and v(J), a connected subgraph J of G containing v that minimizes fie{J) can 
be found recursively as follows: determine independently for each s £ [r] the connected subgraph J s 
of G s +v containing v that minimizes fi$(J s ), where G s + v denotes the subgraph of G induced by v 
and all vertices of the copy of G s in G. The graph J we are interested in is then given by the union 



{Builder has a winning strategy in the deter- 
f3 € M. ministic F-avoidance game with r colors and 
generalized density restriction (9, /3) 



(8) 
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of the graphs J s for all s G [r]. (Note that the subgraph J' of G that contains v and maximizes 
e(J') /v(J') can not be found by independently considering each of the graphs G s + v , s G [r] - 
this is precisely why we introduced the generalized notion of density restriction.) This independence 
allows us to compute the subgraph J of G that minimizes He {J) recursively without remembering 
the actual structure of the history graphs G s , s G [r]. All the information that is necessary to do 
the same minimization in future steps (when the copy of H£ is extended to form larger subgraphs 
of F in color a) can be stored by assigning the value Sse[r]\{(r}(^(*^) ~~ -0 *° * ne ver tex v hi 
(the —1 in the sum accounts for the fact that all the graphs G s + v, s G [r], share the vertex v). 
In other words, we can condense the 'history' behind each of the vertices of a monochromatic copy 
of some subgraph of F into a single number. (Recall that we consider 8 > to be fixed — this is 
crucial in all of the above.) 

As a consequence, when maintaining the lists 7i s , s G [r], Builder no longer needs to store the entire 
history graph associated with some monochromatic subgraph H of F on one of these lists, but can 
store all the necessary information as a simple vertex-weighting of H. This greatly reduces the 
amount of information Builder needs to keep track of, but does not yet solve the issue that there 
is no obvious termination criterion for Builder's exploration (Builder might still keep constructing 
new non-trivial entries forever). 



2.1.5. Unique vertex weights via vertex orderings. In general, it may and will happen that the same 
subgraph H of F appears several times on one of Builder's lists with different vertex-weightings 
in such a way that none of these entries is redundant — depending on how H is used in future 
steps, different vertex-weightings of the same graph might be desirable from Builder's view. In other 
words, there is no unique best way of enforcing a copy of H in a given color for Builder. 

It turns out, however, that different useful vertex-weightings can only arise if Builder presents the 
vertices of H in different orders (there are v{H)\ many different orders). For a fixed such order, there 
is a well-defined best vertex-weighting that Builder can achieve when enforcing H in that particular 
order. Thus to explore his options completely Builder only needs to compute finite lists T~L S , one for 
every color s G [r], which contain one entry for each vertex-ordering of every subgraph H of F. 

This does not quite solve the issues we mentioned yet — it could still occur that Builder needs to 
recompute the vertex-weighting for a given entry many times because he finds better and better ways 
to enforce a given graph H in a particular order. To prevent this from happening, we need to be 
quite careful about the order in which we compute the entries of the lists H s — essentially we start 
by considering the game with generalized density restriction (9, j3) for the given fixed 9 > and a 
very large j3, and then successively lower j3 by the minimal amount that makes new options available 
to Builder. In each step we compute the weights for all graphs that Builder can create respecting the 
current generalized density restriction (9,(3). This guarantees that we need to compute the weights 
for each graph only once, and therefore finally allows Builder to explore his options completely by a 
finite procedure. 



2.1.6. Tying it all together. Along the lines sketched in the previous sections, we can compute 
P*(F, r, 9) by dynamic programming over vertex-ordered subgraphs of F (provided that f3*(F, r, 9) is 
non-negative for the given 9 > 0, see the remarks in Section 2.1.3), branching on Painter's decisions 
as appropriate. The online vertex-Ramsey density m\(F,r) can then be derived from /3*(F,r,8) as 
explained in Section 2.1.3 As this is now a finite procedure, it also follows that the supremum in (8) 
is attained as a maximum, which with some further arguments also implies that the infimum in (4) 
is attained as a minimum. 



2.2. About the proof of Theorem |3j For any graph F and any integer r, let m(F, r) denote the 



value computed by the procedure outlined in Section 2.1 We prove that m(F,r) equals m*(F,r 
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as defined in Q by constructing explicit winning strategies for Builder and Painter, for arbitrary 
density restrictions d > m(F,r) and d < fh(F,r), respectively. 

For Builder such a strategy follows from the general principles underlying the procedure sketched 
in Section |2.1| all steps of the dynamic program which is at the heart of our approach can be 
interpreted as actual construction steps on the board of the deterministic game. 

For Painter, such a strategy can be recovered from the branching on Painter's decisions performed 
in our procedure — we show that the decisions corresponding to a 'worst' path in the branching 
tree (viewed from Builder's perspective) give rise to a Painter strategy that succeeds in avoiding a 
monochromatic copy of F against any Builder strategy. This Painter strategy can be encoded by a 



priority list as described in Section 1.5 



To prove the success of this strategy, we use a witness graph argument: Essentially, we show induc- 
tively that whenever a monochromatic copy of some ordered subgraph H of F in some color s G [r] 
appears on the board, then this copy is contained in a graph that is at least as dense as indicated 
by the weights computed for H and the color s by the dynamic program in our procedure. (Recall 



from Section 2.1 that these weights basically encode the density of the history graph corresponding 
to the best way for Builder to enforce a monochromatic copy of H in color s.) This invariant holds 
in particular for all vertex-orderings of the graph F and all colors s G [r], and implies that when- 
ever a monochromatic copy of F is completed, the board contains a graph that violates the density 
restriction imposed on Builder. 

The proof of Theorem [3] we just sketched also shows that there exists an integer a max = a max (-F, r) 
such that for any given density restriction d Builder never needs more than a max steps to enforce 
a monochromatic copy of F, if he is able to do so at all. Note that this statement alone directly 
implies all three assertions of Theorem |3j as it shows that m\(F,r) can also be computed trivially 
by exhaustive search over the finitely many possible ways Builder and Painter can play in a max steps 
of the game. 

2.3. About the proof of Theorem [4} We have already discussed the proof of the upper bound 
part of Theorem [4] in Section 1.4 as mentioned this proof is self-contained and does not depend on 



the rest of this work. The proof of the lower bound part is much more involved and relies on the same 
witness graph approach as the argument for Painter's success in the deterministic game described 
in the previous section. However, there is the additional issue that, as explained in Section [l.4| the 
random graph G n ^ p with pin) = o(n~ 1 < m *^ F,r >) satisfies a density restriction of d = m*(F,r) only 
locally and not globally. Consequently, in order to apply the witness graph argument outlined above 
to the probabilistic setting of Theorem [4j we also need to show that the size of the witness graphs 
resulting from our arguments is bounded by SOIH6 Constant Z^max — Vmax 

(F, r) (and not, say, linear 

in n). Unfortunately, we cannot show this for all priority lists that represent optimal strategies for 
Painter in the deterministic game. However, by applying a number of further technical refinements 



to the procedure described in Section 2.1, we can guarantee that it only computes priority lists for 
which a constant f m ax as desired indeed exists. It follows with the same witness graph argument as 
before that these priority lists represent polynomial-time coloring algorithms that a.a.s. succeed in 
finding a valid coloring of G n ^ p online for any p(n) = o(n~ 1 ' m *( F,r '). 



3. Computing the online vertex-Ramsey density 



3.1. Proof of Theorem |3j Recall the definition of the deterministic F-avoidance game with r 
colors and generalized density restriction (0,(3) from Section 2.1.3, and recall further that, at least 
intuitively, computing the online vertex-Ramsey density m* (F, r) is equivalent to determining the 
root of f3*(F,r,9) as defined in (p| (where existence and uniqueness of this root are not clear yet). 
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As already mentioned, we are going to derive a procedure that returns (3*(F,r,8) for any 9 > for 
which /3*(F, r, 8) > 0, and a meaningless negative value for any 9 > for which (3*(F, r, 9) < 0. This 



procedure will be described in Section 3.3 and its output will be denoted by Ag(F,r), We will see 
that the function Ag{F,r) is well-defined for any real number 8 > 0, and for rational values of 9 it 
can be computed using only integer arithmetic. Most of the remainder of this paper will be devoted 
to the proofs of the following two key statements. 

Proposition 6 (Builder strategy from Ag(F,r)). Let F be a graph with at least one edge and r > 2 
an integer. There is a constant a max = a max (F, r) such that the following holds: For any real numbers 
9 > and [3 > with 

A e (F,r)>(3, (9) 



where Ag() is defined in (24) below, Builder can enforce a monochromatic copy of F in the deter- 
ministic F -avoidance game with r colors and generalized density restriction (9, f5) in at most a max 
steps, regardless of how Painter plays. 

Proposition 7 (Painter strategy from Ag(F,r)). Let F be a graph with at least one edge, r > 2 an 
integer, and > and [3 > real numbers such that 

A (F,r)<P, (10) 



where AgQ is defined in (24) below. 

Then Painter can avoid creating a monochromatic copy of F in the deterministic F-avoidance game 
with r colors and generalized density restriction (9,f3), regardless of how Builder plays. 

Before going into any details about the procedure that defines Ag(F, r), we show how Proposition [6] 
and Proposition [7] imply Theorem |3| 

For technical reasons, our formal arguments do not rely on the parameter /?*() defined in ([8|, but 
on a related parameter that we introduce now. For any graph F with at least one edge, any integer 
r > 2, any real number 9 > and any integer a > a m [ n := r(v(F) — 1) + 1, we define 

Builder has a winning strategy in the deterministic "j 
.F-avoidance game with r colors and generalized > . (11) 
density restriction (0,/3) in at most a steps J 

Here the supremum is over a nonempty set of values b ecause presenting the complete graph on o m m 
vertices sequentially is a winning strategy for Builder that satisfies the generalized density restriction 
(9, (3) for any (3 < min{/c — (^)-9\l<k< a m in}- Note that for all F, r, and 9 as before we have 

(3*(F,r,9)= sup f3'(F,r,0,a) = lim (3'{F,r,6,a) . (12) 

a>a min 



P'(F,r,e,a) :=sup\p£ 



As in the definition of /?'() in (11) there is only a finite number of possible Builder strategies to 



consider, it is not hard to derive the following properties of f3'Q- 

Lemma 8 (Properties of f3'(F,r,9,a)). For any graph F with at least one edge, any integer r > 2, 



any real number 9 > and any integer a > a m - m , the supremum in (11) is attained as a maximum. 
For fixed F, r, and a as before, (3'(F,r,9,a) viewed as a function of 9 > is continuous, non- 
increasing, piecewise linear, and has a unique root, which is contained in the set 

Q(a) :={0<^<2 | f , e E N A l<w<aA l<e<(2)} . (13) 

Proof. We identify Builder's strategies in the deterministic two-player game with r colors with finite 
r-ary rooted trees, where each node at depth k of such a tree is an r-colored graph on k vertices, 
representing the board after the k-th step of the game. Specifically, the tree T representing a given 
Builder strategy is constructed as follows: The root of T is the null graph (the graph whose vertex 
set is empty). The r children of any node B at depth k of T are obtained by adding the (k + l)-th 
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vertex of Builder's strategy to B (together with the edges that connect this vertex to previously 
added vertices according to Builder's strategy) and coloring it with one of the r available colors. 
Continuing like this, we construct T , representing any situation in which Builder stops playing by a 
leaf of T . 

Note that in this formalization, a given tree T represents a generic strategy for Builder (in the 
deterministic game with r colors) that may or may not satisfy a given generalized density restriction 
(0, pi), and that can be thought of as a strategy for the '.F-avoidance' game for any given graph F. 
We say that T is a winning strategy for Builder in a specific F-avoidance game if and only if every 
leaf of T contains a monochromatic copy of F. We say that a Builder strategy T is a legal strategy in 
the game with generalized density restriction (0, /3) if and only if (J7J is satisfied for every subgraph 
H with v(H) > 1 of every node B in T ■ 

Let F, r and a > a m j n be given. As the number of steps of the game is bounded by a, there is only 
a finite family T = T(r, a) of different Builder strategies, obtained by exhaustive enumeration of all 
possible ways to add a new vertex to the board. Let 233 = W(F, r,a) CI denote the set of winning 
strategies for Builder for the given F, and recall that for a > a m [ n the family 2B is nonempty. 

Note that for any winning strategy T £ 2H and for any fixed > 0, 

f r (0):= min (14) 

Dt / 

H(ZB:v(H)>l 

is the maximal value of (3 such that T is a legal strategy in the game with generalized density 
restriction (0,(3). Optimizing over the (finite and nonempty) set of winning strategies, we obtain 



P'(F, r, 9, a) as defined in (11 ) as 



f3'(F,r,0,a) = maxfr(9) . (15) 



We conclude that the supremum in (11) is attained as a maximum. In the following we derive the 



claimed properties of j3'(F, r, 0, a) as a function of > by considering the functions /t(0)i 7~ € 2H. 



Using (14) and combining the properties of the linear functions fJ.g(H) for all H C B with v(H) > 1 
and all B E T it is not hard to see that for any T G 2U the function /t(#) satisfies the following 
properties: 

• /tW i s continuous and piecewise linear. 

• There is an e = e(T) > such that /t(0) = 1 f° r all < # < e and /t(#) is strictly decreasing 
for all > e. 

• Jt(0) has a unique root in the set {| | »,eeN A 1 < v < a A 1 < e < (X)}- 

Note that the root of /t(0) is strictly smaller than 2: For any winning strategy T G 22J, there is 
a leaf B in T that contains a (not necessarily monochromatic) copy of P3 as a subgraph. This is 
trivially true if P3 C F (as every leaf of T contains a monochromatic copy of F). If P3 C F , then 
F is a matching, and any strategy where Painter colors endpoints of isolated edges on the board 
with different colors corresponds to a root-leaf path in T that does not end with a matching (as 
otherwise T would not be a winning strategy for Builder). Thus in either case the graph H = P3 is 



a subgraph of some node B of 7, and consequently the minimization in ( 14 ) includes the function 
fJ,e(H) =3 — 2-0, whose root is strictly smaller than 2. 



It follows with ( 15 ) that also fi'(F, r, 0, a) satisfies the three properties listed above, and that its root 
is strictly smaller than 2. Combining those properties shows that (3'(F, r, 9, a) satisfies the conditions 
claimed in the lemma. □ 



Using Proposition [HJ Proposition [7] and Lemma [8j we will prove the following explicit version of 
Theorem [3] 
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Theorem 9 (Explicit Version of Theorem [3J). For any graph F with at least one edge and any integer 
r > 2, the online vertex- Ramsey density m\(F,r) defined in ^ satisfies 

m\(F,r) = 1/9* , (16) 

where 9* = 9*(F,r) is the unique solution of 

A e (F,r) = (17) 



and Ag() is defined in (24) below 



Moreover, 9* is a rational number from the set Q(a max ) ; where Q() is defined in (13) and a max is the 
constant guaranteed by Proposition |H| Furthermore, the infimum in Q is attained 



as a minimum. 



Theorem [3] is an immediate consequence of Theorem [9j observing that the solution of the equa- 
tion (|1TJ) can be computed by evaluating Ag(F,r) for all (finitely many) rational 9 £ Q(a max ) (the 



constant a max is given explicitly in the proof of Proposition pi see (97) below). 



Proof of Theorem^ Throughout the proof we consider F and r fixed and let a max = a max (i ? , r) 
denote the constant guaranteed by Proposition [6] 

Proposition [6] and Proposition [7] imply that for any given 9 > for which Ag(F, r) > 0, the pa- 
rameter Ag(F,r) is the maximal value of (3 for which Builder can win the deterministic game with 
generalized density restriction (9,(3), and if he can win then he needs at most a max steps to enforce 



a monochromatic copy of F, i.e., Ag(F,r) coincides with f3'(F,r,9,a max ) as defined in (11). 



Recall that according to Lemma [8] the supremum in (11) is always attained as a maximum, i.e., 
for any 9 > Builder has a winning strategy in the game with generalized density restriction 
(e,P'(F,r,6,a max )). Thus if f3'(F, r, 9, a max ) > we must have that A e (F,r) > f3'(F, r, 9, a max ) as 
otherwise we could apply Proposition [7] with (3 = (3' to obtain a contradiction. Hence also Ag(F,r) 
is non-negative in that case. 

It follows that for any 9 > the two functions Ag(F, r) and f3'(F,r,9,a max ) either coincide or are 
both negative. Thus in particular they have the same set of roots, which by Lemma [8] consists of a 
single rational number 9* = 9*(F, r) from the set Q(a max ). 

Applying Proposition [6] with 9 = 9* and (3 = yields that Builder has a winning strategy in the 
game with generalized density restriction (9*,0) (in at most a max steps). Conversely, for any 9 > 9* 
we obtain with Lemma [8] that (3'(F,r,9,a max ) is negative which, as discussed above, implies that 
also Ao(F, r) is negative. Consequently we may apply Proposition [7] with (3 = to infer that Painter 
has a winning strategy in the game with generalized density restriction (9,0). 

Recalling that for any 9 > the game with generalized density restriction (9, 0) is equivalent to the 
original deterministic game with density restriction d = 1/9, we may restate our findings as follows: 
Builder has a winning strategy in the game with, density restriction d — 1 / 0* (in at most (z m ax steps), 
and for any d < 1/9* Painter has a winning strategy in the game with density restriction d. I.e., 
the online vertex- Ramsey density defined in Q satisfies m\(F,r) = 1/9*, and the infimum in Q is 
attained as a minimum. □ 

Remark 10. Analogously to the second paragraph of the preceding proof it follows that for any 
given 9 > for which Ag(F, r) > 0, also (3*(F,r,9) as defined in ^ coincides with Ag(F, r) = 
f3'(F,r,9,a m3iX ). Thus the unique root 9* of A$(F,r) = {3'(F,r,9,a max ) is also a root of j3*(F,r,9). 

Furthermore, the observation that the non-increasing functions j3' (F,r,9,a), a > a m j n , have a slope 



of at most —1 around their respective roots implies with ( 12 ) that the pointwise limit f3*(F, r, 9) has 



at most one root. Thus 9* is indeed also the unique root of (3*(F,r,9), as claimed in Section 2.1.3 



17 



3.2. Definitions and notations. In order to present our procedure for computing the values 
Ag(F, r) satisfying Proposition [6] and Proposition [7J we need to introduce a number of definitions and 
notations. Along with the definitions we give some intuition how those formal objects implement 
the ideas outlined in Section 12.11 

To simplify notation, for a graph H and any vertex v of H we abbreviate v G V(H) to v G H. For 
a graph H and any set of vertices U C V(H), we denote by H \ U the graph obtained from H by 
removing all vertices in U and all edges incident to them. To indicate removal of a single vertex 
v G H we abbreviate H \ {v} to H \ v. 



3.2.1. Weighted graphs. A vertex-weighted graph is a graph H with a weight function w : V(H) — > K. 
We refer to the values w(u), u G H, as vertex weights. Throughout this work, these vertex weights 
represent contributions to the linear function /ig() defined in ^ that are obtained from 'condensing' 
history graphs as outlined in Section [2. 1.4| They will always be non-positive. 

For a fixed real number 8 > 0, any graph H, any vertex v G H and any weight function w : 
V(H) \{»}->Kwe define the value 

dg(H, v, w) := jc mm j ( £ (l + w(u)) - e(J) • fl) , (18) 

where the minimization is over all subgraphs J of H that contain the vertex v. As this minimization 
includes the graph J that consists only of the isolated vertex v, we always have dg(H,v,w) < 0. 



Note that the minimum in ( 18 ) is always attained by an induced subgraph J C H. For convenience 
we will also use this notation for weight functions w whose domain is strictly larger than the set 
V(H) \ {v}. Of course, for the value of dg(H,v,w) only the values w(u) of vertices u 6 H \v are 
relevant. 

The intuition behind the value dg(H, v, w) is the following: Assume that a copy of H \ v is used as 
one of the graphs H s in Figure [T] and Painter selects a color a G [r] such that a copy of some other 
graph H a is extended to a copy of Then H becomes part of the history graph G of H£, and 
the recursive contribution to the value fJ-e(J) ( as defined in (|6|) of a subgraph J C G minimizing 
He(J) is exactly dg(H,v,w) if t> is included in J. In our dynamic program, this will be recorded by 
adding a term of dg(H, v, w) to the vertex weight of v in H£ (and this is also how the vertex weights 
w of H \ v were computed in earlier steps). 

For a fixed real number 9 > 0, any graph H and any weight function w : V(H) — > M U {— oo} we 
define 

A 9 (#» := J2 i 1 + «>(«)) -e(H)-9 . (19) 



As it is the case for the definition of dg() in (18), it is also convenient here to allow weight functions 
w whose domain is strictly larger than the set V(H). Of course, for the value of Xg(H,w) only the 
values w(u) of vertices u G H are relevant. Observe that Xg(H,w) defined in ( |19[ ) can be written 
recursively for every vertex v G H as 

Afl(iT, «;) = Xg(H \ v, w) + 1 + «;(«) - deg H (w) • , (20) 

where deg H (v) denotes the degree of v in H. This will be used several times in our arguments. 
Using (|6j), X e (H,w) defined in ffify can also be written as Xg(H,w) = fJ-g(H) + ^2 u& hw(u), which 



intuitively means the following: If we imagine H to be at the center of a large history graph G, the 
parameter Xg(H,w) corresponds to the value fJ>e(J) of the graph J obtained by attaching to each 
vertex v G H the r — 1 subgraphs that minimize fJ>g(J s ) among all subgraphs J s containing v in each 
of the r — 1 branches of the history graph G. 
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n 



FIGURE 2. Illustration of the tree T(K 3 ) and the definition in (22) (the shaded 
regions represent subsets of nodes of T{K-^)). 



3.2.2. Ordered graphs. For any graph H, h := v(H), a vertex ordering is a bijective mapping tt : 
V(H) — > {1, . . . , h}, conveniently denoted by its preimages, tt = (7r _1 (l), . . . , 7r _1 (/i)). An ordered 
graph is a pair (H, tt), where H is a graph and tt is an ordering of its vertices. In the context of the 
F-avoidance game we interpret the ordering tt = (v\, . . . , Vh) as the order in which the vertices of H 
appeared in the game, where Vh is the vertex that appeared first (we refer to it as the oldest vertex) 
and v\ is the vertex that appeared last (we refer to it as the youngest vertex). We use H(V(H)) to 
denote the set of all vertex orderings tt of H. 

For an ordered graph (H,tt) and any subgraph J C H, we denote by ir\j the order on the vertices 
of J induced by tt. For any set U C V(H) we use tt \ U as a shorthand notation for tt\h\u. To 
indicate removal of a single vertex v E H we abbreviate tt \ {v} to tt \ v. 

Moreover, we define 

S(F) := {[(H,tt)}^ I H C F with v(H) > 1 and tt £ U(V{H))} (21) 

as the family of all isomorphism classes of ordered subgraphs of F, where we write (H, tt) ~ {H\ tt') 
if (H,tt) and (H',tt') are isomorphic as ordered graphs. For simplicity we refer to the elements 
[(H, tt)]~ G 5(i ? ) in the following always as graphs (H,tt) E S(F). It is convenient to think of 
the graphs in S(F) as nodes of a rooted tree T{F) with root node (K\, (vi)) (an isolated vertex), 
where for each node (H,tt) S S(F), tt = (vi, . . . ,Vh), with v(H) > 2 the parent node is given by 
(H \ vi,tt \ vi). For any subset 7i C S(F) we define the set C(T~L, F) C S(F) as 

'{(#!,(«!))} i£« = 

J(i?,vr = (ui,. ..,«/,)) eS(F)\n I (fl" \ ui, 7r \ «i) G^} otherwise . 

Note that C(H,F) is exactly the set of nodes of T{F) that are children of some node in T~L, but that 
are not contained in %. Figure [2] shows the tree T(F) for F = K% and illustrates the definition in 
p2b. 



C(n,F) 



(22) 



Remark 11. Note that for two graphs Hi C ff 2 with v{H\) = v(H2), a monochromatic copy of Hi on 
the board can never evolve into a copy of H2 later in the game, as new edges appear only incident to 
newly added vertices. As a consequence, we could restrict our attention to induced subgraphs of F 



in all of our arguments. While changing the definition of S(F) in (21 ) accordingly would indeed lead 
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to some algorithmic savings (see Section 3.4), for our formal arguments we find it more convenient 



to include all subgraphs of F in the definition (21). Otherwise, unnecessary distraction would arise 



everytime an induced subgraph is mentioned in a proof. 

3.3. The algorithm. In the following we present an algorithm COMPUTE Weights(), whose output 
is then used to define the function Ag(F,r) that is referred to in Proposition [6] and Proposition [7] 

Beside the graph F and the number of colors r, the algorithm has two more input parameters: 
the parameter 6 from the generalized density restriction (see Section 2,1. 3D , and a finite sequence 



a G [r] r '' <5 ( J? )' with the following interpretation: As indicated in Section 2.1 the underlying idea of 
the algorithm is to explore systematically from Builder's point of view which monochromatic ordered 
subgraphs of F he can enforce if Painter plays according to a fixed strategy. Step by step Builder 
enforces larger monochromatic subgraphs from smaller ones, and the appropriate vertex weights for 
these graphs are computed by dynamic programming. The sequence a encodes Painter's coloring 
decisions in the order they occur in the course of the algorithm (i.e., it represents a fixed Painter 
strategy), where an entry of this sequence may correspond to several coloring decisions of Painter 
for which she uses the same color. (Our proofs show that she would not gain anything by using 
different colors for these decisions.) 

The algorithm maintains for each color s G [r] a family 7i s Q 'S(F) of ordered subgraphs of F and 
a function w s : T~L S — > R. The families H s correspond to the ordered subgraphs of F for which 
Builder has already enforced a monochromatic copy in color s. In the course of the algorithm, the 
families 1-L S are successively enlarged. Initially, we have % s = for all s G [r], and at each step 



the candidate graphs to be added to the families H s are given by the sets C(T-L S ,F) defined in (22); 
these correspond to the graphs that Builder can construct by adding a single vertex to a graph he 
has already enforced. Consequently, throughout the algorithm the families T~L S , s G [r], viewed as 



subsets of nodes of the tree T{F) defined after (21 ), grow downwards from the root. 



For each s G [r] and each ordered graph (H,ir) G 7i s , it = (t>i, . . . , Vh), the function w s : % s — > M 
maintained by the algorithm induces a weight function W(h,-k,s) '■ V{H) — > M as follows: The weight 
w (H,it,s)( v i) °f th e youngest vertex v\ is given directly by w s (H,tt); the weight W(h^, s )(. v 'z) °f the 
second-youngest vertex t>2 is given by w s (H \ v\,tt \ v\), i.e., by the value of w s for the parent of 
(H,tt) in T(F); and so on. The full weight function Wih^,s) '■ — > K is therefore obtained by 
considering the value of w s for all graphs on the path from (H, it) to the root {K\ , (v i ) ) of the tree 
T(F), and each graph (H,tt) G T~L s inherits all vertex weights except that of the youngest vertex 
from his ancestors in T(F). 

More formally, and extending this construction to all graphs (H,tt) G S(F), we define for each 
s G [r] and each (H, n) G S(F), ir = (yi, . . . , Vh), the weight function 



' w s (H \ {vt, . . .,Vi-i},n\ {vi, . . .,Vi-i}) 

if (H \ {ui,... , Ui_i}, vr \ {ui,... , v^}) G U s , (23) 
— oo otherwise . 



This notation will also be used in the formulation of COMPUTE WEIGHTS() in Algorithm [T] below. 
(We shall see that the algorithm never encounters the value — oo during its execution.) Note that 
an ordered graph (H, it) G S(F) has vertices of weight — oo if and only if (H, it) G S(F) \ T-L s for the 
corresponding s G [r], which intuitively means that Builder has not yet enforced a monochromatic 
copy of (H, 7r) in color s. 

The families H s C S{F) and the functions w s : % s — > M, s G [r], are extended step by step in the 
course of the algorithm, and their final values are returned when the algorithm terminates. 



20 



Algorithm 1: ComputeWeights(F, r, 9, a) 



Input: a graph F with at least one edge, an integer r > 2, a real number 9 > 0, a sequence 
a G [rf^l 

Output: an r-tuple ((H s , w s)) se [ r ], where % s C S(F) and w s : % s — > R for all s G [r] 

1 foreach s € H do 

2 
3 



U s :=0 

Vd G K : C s (d) := 



4i:=0 

5 repeat (*) 



9 
10 
11 
12 
13 
14 
15 
16 

17 
18 

19 
20 
21 
22 
23 
24 
25 
26 
27 
28 

29 
30 



i:=i + l 

foreach s G [r] do 



max 



(H,n=(v u ...,v h ))eC(H 3 ,F) 



"se[r]\{<r} d s 



,^)) G C(H a ,F) I de{H,Vi,W( H ^,<j)) = 4r} 



a := Qj 
u>* := £ s 
j :=0 
repeat (**) 
j := J + 1 

:= {(H,tt = (v u 
if j = 1 then 

I CM) --=^ 

foreach (H, vr) G do 

_ w a (H,ir) := w l 

k := 

repeat (***) 
k := k + 1 

T^ fc := {(F,tt = G C^F) \d e (H,v 1 ,w (H ^ <T) ) > 4} 

:= 

foreach 7r) G T l, ^ ,k , tt = (v i, . . . , Vh), do 

if de(H,vi,W( H ^,(j)) > dl or $J C H : vi £ J A (J, n\j) G C a (d % a ) then 
if C H : Vl G J A (J,tt|j) G C a {d e ( H , v i, w {H^,o))) then 
|^ z := max{l <i<i\aj = af\ dg(H, v±, W(H,n,a)) < d^} 

else 



j £ := max{l <i<i\aj = aA dg(H, vi,w^H,-K,a)) < ^a} 

31 w a (H,ir) := 

32 C^ k :=C^' fc U{(#,7r)} 

33 ^ CT :='H tT UC i '3' k 

34 until C*^* = 

35 until all (-H",7r) G C(H a ,F), n = (vi, . . .,v h ), satisfy d e (H,v 1 ,W( H>w ^) < d l a 

36 until % s = S(F) for some s G [r] 

37 return ((%,, w s )) se[r] 
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Consider now the algorithm ComputeWeightsQ as given in Algorithm [T] In the following we will 
try to convey an intuitive understanding of its operation, building on the informal remarks given in 
Section 12,11 



The algorithm works in rounds, and each round corresponds to relaxing the generalized density 
restriction (9, (3) by slightly lowering (3, and then fully exploring Builder's options that become 
available as a consequence. Each iteration of the repeat-loop (*) is one such round. 

At the beginning of the i-th round, for every color s £ [r] the maximal dgQ- value among all graphs 
in C(H S ,F), denoted by d\, is determined (lines [7||8]). Here the sets C(7i s ,F) correspond to all 
graphs in color s that Builder could try to enforce next, and considering for each color a graph that 
maximizes dg() yields a new construction step for which (3 needs to be lowered least in order for 
that step to be compliant with the generalized density restriction (0,f3). (Specifically, (3 needs to be 
lowered to := 1 + ^ se r r ] ^s; note however that this successive lowering of (3 ist not done explicitly 
in the algorithm.) 

The i-th entry of the sequence a is then used to determine Painter's coloring decision a := o,% for 
this construction step (line [9]) , and the rest of the round consists of updating the families 1-L S and 
the functions w s with all the information that can be extracted from that decision. In fact, only the 
family H a grows; the families T~L S , s E [r] \ {er}, do not change. 



The value w l := ^se[r]\{<r} defined in line 10 corresponds to the weight that needs to be assigned 
to the youngest vertex of every graph that is completed in color a as a direct consequence of Painter's 
coloring decision. When the repeat-loop (**) is executed for the first time, those graphs are added 
to H a via the set C 1,1 C S(F), and the function w a : 7i a — >• R is updated by assigning the value 



w l to the newly created graphs (lines 14-19). For technical reasons, these graphs are also stored 
separately in a set C a (d l a ) that will be relevant later in the algorithm. 

The remainder of the i-th round explores options that became available to Builder as a result of the 
graphs in C 1 ' 1 being added to These graphs can now be used themselves for further construction 
steps, and the graphs created in those construction steps can be used even further, etc. Some of 
these new potential construction steps are not legal for the current generalized density restriction 
(6, fa), and will therefore only be explored in later rounds when (intuitively) (3 is lowered further. 
However, some of these are indeed legal for the current value of (3, and it turns out that the previous 
decisions of Painter already imply which colors Painter should use in each of those construction steps 
(!). These indirect consequences of Painter's decision to use color a = on in round i are explored 
in the repeat-loop (***) ; and in the repeat-loop (**) when it is executed for j > 2. The resulting 
graphs are added to T-L a via the sets 7^ J '' fe ,C l '- ? '' fc C S(F) in the repeat-loop (***), and via the sets 
C l ' J C S(F), j > 2, in the repeat-loop (**). This exploration of indirect consequences involves some 
technicalities for which we cannot give much intuition; see however the remarks in the first three 



paragraphs of Section 3.4 below. Note that the sets C a (d l (J ) defined in line 16 (in this or an earlier 



round) come back into play in lines 26 -27 



The i-th round terminates as soon as all ordered graphs (H, tt) G C{H a , F), tt = (v±, . . . , Vh), satisfy 



de(H, v\,w^h^^)) < d\ (line 35 ). This corresponds to Builder having exhausted all his legal options 
in the game with generalized density restriction (9, /3j) (recall that /3j = l+X)se[H ^a)- The (i + l)-th 
round of the algorithm will then consider the game with generalized density restriction for 
some (3 i+ i < (3i. 

The algorithm terminates as soon as one of the families % s , s £ [r], contains all ordered subgraphs 



of F, i.e., 1-L S = S(F) (line 36). This corresponds to Builder having enforced copies of all ordered 
subgraphs of F in color s (in particular, monochromatic copies of F in all possible vertex orderings). 

We defer the formal arguments that COMPUTE WeightsQ is a well-defined algorithm and terminates 



correctly to Section 3.5 where we will prove the following claim. 
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Lemma 12 (Well-definedness and termination of algorithm). All expressions that occur in the 
algorithm ComputeWeightsQ are well-defined, all numerical values and all sets that occur are 
finite, and on any input as specified the algorithm terminates correctly after at most r ■ \S(F)\ 
iterations of the repeat-loop (*). 

With Algorithm [T] in hand, we now define the parameter Ag(F,r) for which we will prove Proposi- 
tion [6] and Proposition [7] 

For a fixed real number 6 > 0, any graph F with at least one edge and any integer r > 2 we define 
A e (F,r) := min max min \g(H,W( H ^\ 8 \) , (24) 

a6 [ r ]r-|S(F)| s6 [ r ] HCF:v{H)>X 

7ren(v(F)) 



where A^Q is defined in (19), and WtH^,s)Q ls defined for all (H,ir) £ S(F) and all s £ [r] in (23) 
using the results ((H s ,w s )) s , , := ComputeWeights(F, r, 8, a) of Algorithm 



We defer the formal arguments that Ag(F,r) is well-defined to Section 3.5, where we will prove the 
following claim. 

Lemma 13 (Well-definedness of Ag(F, r)). For any real number 6 > 0, any graph F with at least 



one edge and any integer r > 2, the parameter Ag(F,r) defined in (24) is a well-defined finite value 



Note that for rational values of 9 > 0, the parameter Ag(F,r) can be computed using only integer 
arithmetic. 

Before we begin with the technical analysis of the algorithm Compute WeightsQ in Sections |3.5] — 



3.7, we give a few remarks about its implementation in the next section. 



3.4. Simplifications and implementation of the algorithm. By Theorem |9j we can compute 
the online vertex- Ramsey density m\ (F, r) as the inverse of the root of the parameter Ag(F, r) defined 



in (24), where this definition involves the return values of the algorithm ComputeWeightsQ. 
As it turns out, the algorithm COMPUTE WEIGHTS () can be simplified considerably if one is only 
interested in computing the online vertex- Ramsey density m\{F,r) for given F and r (and not 
in proving Theorem [3] or Theorem [4] or in computing explicit winning strategies for Builder and 
Painter). The program to compute m*(F,r) that is available from the authors' websites [1] uses 
such a simplified version of the pseudocode above. In the following we outline the most important 
steps in this simplification. 

First of all, the sets C s (d) defined in line |16| and the case distinctions inside the repeat-loop (***) 
whether certain subgraphs are contained in those sets or not can be omitted, as they are only used 
for proving the lower bound part of Theorem [1] our result for the probabilistic problem. Specifically, 
these extra technicalities are needed to bound the size of the witness graphs for certain coloring 



strategies that are derived from the algorithm COMPUTEWEIGHTSQ — recall from Section 2.2 and 



Section [2. 3| that such a bound is unimportant for the deterministic game, but crucial for the original 



probabilistic problem (see also Lemma 35 and Remark 36 below). 

In a second step the algorithm can be simplified even further: As it turns out, the entire repeat- 
loop (***) can be omitted; i.e., we do not need to compute any vertex weights for graphs (H,tt) £ 
C(H a ,F), ir = (vi, . . . ,Vh), that satisfy dg(H,vi,w^,w,a)) > for the current value of d l a , and we 
do not need to add such graphs to the corresponding family T~L a (thus for the color a the algorithm 
will ignore the entire subtree of T(F) rooted at (H,ir)). The reason for this is that such graphs 
are essentially useless for Builder, and therefore we do not need to consider them in our systematic 
exploration of Builder's options (see Lemma 23 and Algorithm [2] below) . 

Yet another simplification follows from Lemma 28 below: Combining ( |24[ ) and (87) shows that we 
can change the return value of the algorithm COMPUTEWEIGHTSQ to the sum on the right hand 
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side of (87) (note that this sum is exactly as used in our informal description of the algorithm). 
Thus we may stop the algorithm as soon as for some tt 6 H(V(F)) the graph (F, it) is added to one 
of the families H s , s £ [r], which may happen considerably earlier than the termination condition 
in line 1361 



Further major savings are achieved by considering only induced subgraphs in the definition (21), as 



pointed out in Remark 11 



Some of these modifications might change the values returned by the algorithm COMPUTE Weights(-F, r, 9, a) 
for a specific sequence a (as the families T~L S , s £ [r], may evolve differently in the course of the al- 



gorithm, the entries of a get a different semantic), but not the value of Ag(F,r) as defined in (24). 

We conclude this section by sketching some ideas to further speed up the computation of m\(F,r) 
that do not directly relate to the pseudocode given in Algorithm [T] 

When evaluating Ag(F, r) for a given 9 G (0, 2), rather than calling the algorithm COMPUTE Weights() 
for each possible input sequence a E [r] r 'l 5 ( F )l separately, we call it only once and, in each iteration, 
branch on all r values the variable a can assume in line [9] Since most of the branches of the re- 
sulting recursion tree end after much fewer than r ■ \S(F)\ iterations, this allows us to evaluate the 
minimization in ( |24[ ) and hence the value of Ag (F, r) much more efficiently. 

By Theorem [9] we have m\{F,r) = 1/0*, where 9* = 9*(F,r) is the unique root of Ag(F,r) defined 



in (24), which is guaranteed to be in the finite set Q(a max ). In order to efficiently search for 9* in 
Q(a max ), we can exploit that the function Ag(F,r) changes its sign from positive to negative at 9*. 
Specifically, in order to compute 9* , we alternate between shrinking the possible interval for the root 
9* by binary search (starting with the interval (0, 2)), and evaluating Ag(F, r) for all rational values 
of 9 inside the current interval up to a certain size of the denominator. 



3.5. Basic properties of the algorithm. In this section we establish a number of basic properties 
of the algorithm ComputeWeightsQ, including several important monotonicity properties. We 



also provide the proofs for Lemma |12| and Lemma 13 



We begin by proving that the families H. s grow downward from the root in the tree T(F) throughout 
the algorithm, as already mentioned. 

Lemma 14 (Closure property of families ~H S )- Throughout the algorithm ComputeWeights() and 
for each s S [r] we have that if {H, tt), tt = (v\, . . . , Vh), h > 2, is in % s , then (H \vi,ir\ v{) is also 
in T~L S . In particular, ifH s 7^ then {K\, {v\)) G H s . 



Proof. Observe that graphs are only added to T~L S in lines 19 and 33 of iterations for which a, 
the sets C hj and C M,fc C T hj,k . Thus by the definition of C M in line 



s, via 



14 



and of T 1 '!^ in line 23 only 



graphs that are currently in C(T~L S ,F) are added to H s . The claim thus follows from the definition 
of C(H S ,F) in d22). □ 



Next we prove the first part of Lemma 12, which states that all expressions that occur in the 
algorithm COMPUTEWEIGHTSQ are well-defined and that all numerical values and all sets that 
occur are finite. (We ignore the assignment a := a>i in line [9] for the time being — well-definedness 
of that assignment is immediate once we have proven the second part of Lemma [12] namely that 
the algorithm COMPUTEWEIGHTSQ terminates correctly after at most r • |5(-F)| rounds.) 



Proof of Lemma 12 (Well-definedness of algorithm). We need to argue that the expression dg(H, v%, iUfH,ir,s)) 
(wherever it occurs) is well-defined, and that the maximum in line [8j line 28 and line 30 is always 
over a nonempty set. 
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Note that w a (H,7r) is defined in line 18 or line 31 just before (H,ir) is added to Ti a in line 19 
or line 33 respectively. Combining this with Lemma 14 and using the definition in (23), it fol- 



lows that the function w^^^) defines finite vertex weights for all vertices of every graph (H, tt) £ 
% s . Consequently, for every graph (H,tt) £ C(T~L S ,F), tt = (v\, . . . , i>h), the function W(jj )ir ,8) de- 
fines finite weights for all but the youngest vertex v\. As throughout the algorithm the function 
dg(H,vi,w^jj tW ^) is evaluated only for graphs from the corresponding set C(H S ,F), it follows that 
this expression (wherever it occurs) is indeed well-defined (recall the definition of d$Q in (]18|). 

As long as none of the families H s , s £ [r], contains all graphs from S(F), the sets C{TL S ,F) are 
nonempty. Thus the termination condition in line 36 ensures that the maximum in line [8] is always 
over a nonempty set and therefore well-defined. 

For any a £ [r], let i be the smallest integer i > 1 for which 014 = a and note that the z-th iteration 
of the repeat- loop (*) is the first one where graphs are added to the family T-L a (initially, we have 
% a = 0)- As C($,F) = {(Ki, (vi))} and dg(Ki, v\, W(K lt ( V i),a)) = 0) by the definitions in lines [8j 
14 and 16 we have d l a = 0, and (K±, (t>i)) is contained in C 1 ' 1 = C a (0). By the definition of dg() 
in (18), de(H,vi,W(H^,a)) 011 the right hand side of line 30 is always non-positive, i.e. less than or 
equal to d % a = 0, implying that the maximum in line 30 is always over a nonempty set and therefore 
well-defined (this set contains at least the integer 1). We can argue analogously for the set on the 
right hand side of line 28 if dg(H,Vi,Wfjj t%a \) < 0. On the other hand, if dg{H,v\,WfH,-n,a)) 





then by what we said before the subgraph J C H that consists only of the vertex v\ is contained in 
Co-(O) = C a (dQ(H, vi, W(h ; k,<t)))> an d thus the condition in line 
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is violated. 



For this last argument we used that no graphs are ever removed from the sets C s (d), d € R. We have 



not shown this yet formally; however, it follows from Lemma 16 below that after the initialization 
in line [3j each set C s (d) is modified at most once, namely in line 16 of the unique iteration i for 
which Qj = s and d\ = d. (If the reader is worried about this forward reference, he is welcome to 
substitute line 16 by C -(d l a ) := C C7 {d t a .) DC 1 ' 1 for the time being, i.e., until Lemma 16 is proven.) 



□ 



Having established that all numerical values assigned in the algorithm ComputeWeightsQ are 
finite, we state the following observations for further reference. 

Lemma 15 (Finite and non-positive weights). Throughout the algorithm COMPUTEWEIGHTSQ, 
for each s £ [r] we have that for each (H,ir) G T~L S , tt = (vi, . . . ,Vh), all vertex weights wtH,ir,s)( v i) 
defined in (23) are finite non-positive values, while for each (H,ir) E S(F) \ % s , at least one of the 
vertex weights is -co. 



Consequently, for all (H,ir) G H s , \e{H,w^H,-K,s)) defined in (19) is a finite value bounded by v{F), 
while for all (H, tt) € S(F) \ T~L S , we have Xe(H, W(h^ iS \) = —00. 

Proof. By the definition of dg() in (18), do(H, v\, W(h,7t,s) ) on the right hand side of line [8 is always 
non-positive and finite, from which we conclude, using the definitions in line 10 18 ana 31 that 
w s (H,tt) is a non-positive finite value for all s £ [r] and all (H,tt) £ % s . The first part of the 



statement now follows from the definition in (23) and Lemma |14| The second part follows from the 
first part using the definition in (19). □ 



The next lemma establishes two important monotonicity properties, which will be used in many of 
the upcoming proofs. 

Lemma 16 (Monotonicity of d\ and w % in i). Let a £ [r] and a £ \r] r '\ s ( F ^ be the input sequence 
of the algorithm COMPUTE WeightsQ. Throughout the algorithm, if m = a, then the variables 



d^jd^ 1 , s £ [r], defined in line^satisfy 



gC +1 < dl and d 



dl for all s £ [r]\ {a} 
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Moreover, if t% = on = a for some i < i, then the variables w l , w 1 defined in line 10 satisfy 
with equality if and only if a.\ = a^+i = • • • = on = a . 



Of course, the variables d\ and referred to in Lemma 16 are defined only if the number of 
iterations of the repeat-loop (*) is at least Similarly, w l and w l are defined only if the number 

of iterations is at least i. Otherwise the statement of the lemma is void. 

Proof. The first part of the lemma follows from the definition of d l a in line [8j the termination 
condition in line 35 and the fact that none of the families T~L S , s £ [r]\ {<r}, is modified within the 



i-ih iteration of the repeat-loop (*). The second part of the lemma follows from the first part and 
the definition of w l in line llOl □ 



For the proof that ComputeWeightsQ terminates correctly after at most r • |<S(.F)| iterations of 
the repeat-loop (*) we will need the following auxiliary statement. 

Lemma 17 (End of repeat-loop (**)). Throughout the algorithm ComputeWeights(), at the end 
of each iteration of the repeat-loop (**), all graphs (H, ir) G C(TL a , F), ir = (v\, . . . , v^), satisfy 

(25) 



d e {H,vi,w {H ^ )(j) ) < d l a . 



For those graphs satisfying (25) with equality there is a subgraph J C H with v\ G J and (J, ir\j) G 

CM)- 

Proof. The j'-th iteration of the repeat-loop (**) ends as soon as the repeat-loop (***) terminates. 
Due to the condition in line 34 this happens in the first iteration k for which the set C l, i' k C 
is empty, which means that all graphs currently in C(7i a ,F) violate the condition in the definition 
of 7~ M ' fc in line 
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or the condition in line 26 This implies the claim. 



□ 



We now prove the second part of Lemma 12 namely that the algorithm COMPUTEWEIGHTSQ 



terminates correctly after at most r • |<S(.F)| rounds. 



Proof of Lemma 12 (Termination of algorithm). Before bounding the number of iterations of the 
repeat-loop (*) we need to argue that the inner two repeat-loops always terminate. 

Let a G [r] and suppose that we have oti = a in the current iteration i of the repeat- loop (*). Note 
that in each iteration of the repeat-loop (***) except the last one, at least one element is added to 



the family H a via the set C* J ' fc in line 33 Since throughout the algorithm, TL a is a subfamily of 
S(F), and since no graphs are ever deleted from 7i a , the repeat-loop (***) terminates after at most 
|5(-F)| + 1 iterations. 

It follows directly from the definition of d l a in line [8] that in the first iteration j = 1 of the repeat- 
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loop (**), the set C 1 ' 1 defined in line Il4|is nonempty. As a consequence of the first part of Lemma 
and the termination condition in line|35| the set C lJ is also nonempty in all later iterations j > 1. 
Therefore, in each iteration of the repeat-loop (**), at least one element is added to the family TL a 
via the set C JJ in line 19 and thus similarly to above the repeat-loop (**) terminates after at most 
|5(-F)| iterations. 

The above also implies that in each iteration of the repeat-loop (*), the size of exactly one of the 
families T~L S , s G [r], increases by at least one. Considering the condition in line 36 we conclude that 
the algorithm terminates after at most r • |5(F)| iterations of the repeat-loop (*). □ 



We proceed by proving Lemma 13 which states that Ag() defined in (24) is a well-defined finite 
value. 
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Proof of Lemma 13. Due to the termination condition in line 36 of ComputeWeightsQ, for each 
possible input sequence a G [r^'l- 5 ^)! there is an s G [r] for which the family T~L S returned by 
ComputeWeightsQ equals S(F). By Lemma 
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for this s the parameter Xg(H,Wfjj )W)S ^) is a 
finite value for all (H,ir) G S(F). Thus for any fixed a G [r] f "l 5 (- F )l the maximization over all s G [r] 
in (24) yields a finite value, and consequently also the outer minimization over all (finitely many) 
sequences a G [r] 1 ""' 5 ^^ in (24) yields a finite value. □ 



We continue with a simple invariant that holds at the beginning of each iteration of the main loop 
of ComputeWeightsQ. 

Lemma 18 (Beginning of repeat-loop (*)). Throughout the algorithm ComputeWeightsQ, at 
the beginning of the i-th iteration of the repeat-loop (*), for every s G [r] all graphs (H, n) G T-L s , 
7r = (vi, . . . ,v h ), satisfy <Iq{H, vi, W( H ^, S )) > d\. 

Proof. Fix i, s G [r], and (H,ir) G TL S as in the lemma, and let i < i denote the iteration in which 
(H,ir) was added to % s . We must have a, = s, and (H,ir) was added to TL S either via one of the 
sets C 1 ^ in line 19 or via one of the sets C l, i ,k C F l, ^ ,k in line 33 By the conditions in the definition 
of C 1 * 1 in line 



14 



and of F l 'i' k in line 23 we have dg(H, v\, Wrg n s -\) > d\ > > d\ , where the last 



two inequalities follow from the first part of Lemma U6 



□ 



The next lemma takes a closer look at the dgQ-value of graphs that are added to the families T~L S 
via one of the sets C l) i ,k in the repeat-loop (***). 



Lemma 19 (Sandwiched dgQ-values for graphs in C iJ,fc ). Let a G [r] and a G [r]'''! 5 ^! be the input 
sequence of the algorithm ComputeWeightsQ. Throughout the algorithm, if cti = a, then for any 
graph (H,tt), tt = (vi, . . ■ ,Vh), that is added to the set C l, ^ ,k in line 
defined in line 31 by setting it to w l ) the following holds: If i is defined in line 

d^KdeiH^w^^Kdl . 



(for th is g raph w a (H, ir) is 



2n 



we have 



Otherwise, i.e. if l is defined in line 30, we have 

4 +1 < deiH^uw^^) < 4 • 

Proof. Clearly, the definition of i in line [28] implies 

d e (H,vi,W( H ^) < 4 • 
As (H,ir) is in C l 'i' k C T l ' j ' k , by the definition in line 



(26a) 
(26b) 

(27) 
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consequently i < i. Consider the smallest integer u > 1 for which a 
i + v < i. Again by the definition of i in line [28] we have 

d l v V < do(H,V-L,W( H ^,a)) ■ 

Moreover, by the choice of v and the first part of Lemma [TB] we have 

dt+ v = dl +1 . 



we have dg(H,vi,W(H tW ^) > d l a , and 



l + V 



a -, 



a, and note that 



(28) 



(29) 



Combining (28) and (29) yields the first inequality in (26a), and together with (27) proves the first 



part of the lemma. The second part follows similarly by using the definition of i in line 30 and by 



interchanging < with < in (27) and (28) (also in this case we must have % < i, as otherwise we would 
have dg(H, vi,wr H ^,g)) 
condition in line 27). 



dp, a contradiction to the condition in line 



26 



and the negation of the 
□ 



The next lemma captures another important monotonicity condition: the lower the d^Q-value of an 
ordered graph in a particular color is, the smaller is the weight assigned to its youngest vertex. 
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Lemma 20 (dg()-value vs. weight monotonicity) . Throughout the algorithm ComputeWeightsQ, 



for every s G [r] and any two graphs (H, tt), (J, r) G % S; 7r 
following two properties hold: 



(Vl, • • .,V h ), T = (Ui, 



,Uc 



the 



If 

then we have 
If 



d 9 (H,vi,W( HtW)S) ) < d e (J,ui,w { j :TtS )) 

W(H,n,s){vi) < W(J iT)S )(wi) • 

de(H,vi,W( Hjir , s )) = de(J,ui,W(j jT>s )) and W( H ^, s ){vi) < t«(j jTiS )(wi) 



(23 



18 



31 



i/ien w^,-rT,s)( v i)^ = ^ w s(H, tt) is defined either in line 
and W(j :T ,s)( u i) = w s(J, T ) is defined in line 31 u;it/i z defined in line 



or in line 



with i defined in line 
28l 



30 



For the second part of Lemma 20 note that w s (H,tt) and w s (J,t) are defined exactly once in 
the course of the algorithm (each in some iteration of the various repeat-loops), just before the 
corresponding graph (H,tt) or (J, r) is added to the family T~L S . 



Proof. Let i max denote the total number of iterations of the repeat-loop (*). Fix some a G [r] and 
consider the set R a G M 2 defined by 

R a := |J {((l- t ).4 + t.4 +1 ,^)|tG[0,l]} , 

Kl<in 



where we use the convention <i^ max 



max ■ L *i~ 

i 



if ai 



a. By Lemma 
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(30) 

we have for any two pairs 



x < x ==> y < y' ■ (31) 
Now fix some graph (H, tt) G 'Her, 7r = (v\, . . . , u^), and consider the iteration i of the repeat-loop (*) 
where a% = a and where (H, n) is added to the family %„. If (H, tt) is added to T-L a in line 19 then 
we have 

w i (32) 
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de{H,vx,W( H ^,o)) = d l a and w^ H ^^){v 1 y^'w fT {H,T\ 



by the definitions in line [14^ and line 18 If on the other hand (H, tt) is added to H a in line 33 then 
we obtain with Lemma 1191 that 



23) 



< de(H, Vl, W( H ^,a)) < dl and ^(if,7r,<T)(«l) - Wa{H,K 
for some i < i with a% = a (defined either in line 28 or in line |30[) . 



w 



(33) 



Combining (30), (32) and (33) shows that any graph (H,ir) G T~L a , tt = (v\, . . . ,Vh), satisfies 

(do(H,Vi,W(jj^ t a)),W(H^,cr){ v l)) € Ra ■ (34) 
The first part of the claim now follows from (31) and (34). 

The second part of the claim follows from ( |30| ), (34) and Lemma 16 by examining where in the set 
R a the point ((Iq(H, vi,w^ n a ^), Wijj,-k,(t) i v i)) can possibly be located, depending on whether (H, tt) 
is added to T-L a in line 19 (then w a (H, tt) is defined in line 18 ) or in line |33| (then w a (H, tt) is defined 
in line 31 ), where the cases whether l is defined in line 28 or in line 30 have to be distinguished using 
(26a) and (26b) from Lemma 19 □ 



In the following we will repeatedly use the following auxiliary statement, which is an immediate 
consequence of the definition in (18). 

Lemma 21 (Weights vs. dg()-value monotonicity). Let hi be a graph, v G H and J C H with v G J. 
Moreover, let wh '■ V(H) \ {v} — > M. and wj : V(J) \ {v} — > M with wh(u) < wj{u) for all u G J\v. 
Then we have dQ(H,v,WH) < dg(J,v,wj). 



2S 



The next lemma establishes an important monotonicity condition for the vertex weights with respect 
to taking (ordered) subgraphs: the weights of a subgraph are always at least as high as the weights 
of the entire graph. 

Lemma 22 (Subgraph weight monotonicity). Throughout the algorithm ComputeWeightsQ, for 
every s G [r], if (H, tt) G ~H S , then for every subgraph J C H we have (J, tt\j) G H s and W(h^,s){ u ) < 
W(j, n \j,s){u) for all u£ J. 



Proof. We will prove the following auxiliary claim: for every s£ [r], if (H, tt) G H s , n = (v\, . . . , Vh), 
then for every subgraph J C H with v\ G J we have (J, tt\j) G H s and W( H ^,s)( u ) < ' u; (J,7r|j,s)( u ) 
for all u G J. This implies the original claim, where the subgraphs J Q H are not required to 
contain the youngest vertex v\, as follows: if (H,tt) G vr = (vi, . . . , «/,), and J £ H is any 

G %s where c := min{z | Vi G J} — 1 and 



14 



subgraph of H, then by Lemma 
(H~ c , tt~ c ) := (H \ {vi, . . . , v c }, tt \ {v i, . . . , f c })- Moreover, (J, 7r| j) contains the youngest vertex 
u c +i of (H~ c ,tt~ c ). Therefore, applying the auxiliary claim to (H~ c ,tt~ c ) and (J, tt\j), together 
with the observation that w^ t7T ^(u) = w^-c^-c^^u) for all u G H~ c completes the argument. 

To prove the auxiliary claim we argue by induction over the number of vertices of H. The claim 
clearly holds if H consists only of a single vertex, as then J = H is the only subgraph of H. For 
the induction step let a G [r] and consider a graph (H,tt) G T~L a , n = (vi, . . . ,Vh), with at least 
two vertices. We consider the iteration i of the repeat-loop (*) where on = a and where (H, tt) 



is added to the family H a . Let J be a subgraph of H with v\ G J. By Lemma 14 we have that 
(H \vx,tt\vi) G % a at this point, and thus we know by induction that 

(J\v 1: tt\j\ Vx ) G H a (35) 

and that 

W( H ,n,a)(u) < w^\ J>(T ){u) for all U G J \ VI . (36) 

To complete the proof we only need to show two things: Firstly, that (J, ir\j) is either already con- 
tained in T~L a or added to this set together with (H, tt) at the latest, and secondly, that W(h^,u){ v i) ^ 
w (J,-k\j,ct)( v i) f° r the last vertex v\. 



Recall that graphs are only added to H a via one of the sets C 1 ' 1 in line 19, or via one of the sets 
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C l, i ,k C T l 'i' k in line 33 If (H, tt) is contained in one of the sets , then by the definition in line 
we have 

dg(H,Vl,W(H,Tr,a)) = da , ( 37a 



whereas if (H,tt) is contained in one of the sets C l 'i' k , then by the definition in line 23 we have 



(37b) 



Applying Lemma 21 using ( |36| ) shows that 

de(H,vi,W( H ^) < de{J,v x ,W(j !n \ Jia )) 



(38) 

We will distinguish the cases where the inequality ( |38| ) is strict, 

deiH^vi^w^^^)) <d B {J,v 1 ,w {J ^\ J)(j) ) , (39a) 

and where it is tight, 

de(H,vi,W( Hi7r ,a)) = de(J,vi,W(j t7r \ Jja )) . (39b) 
Altogether we distinguish four cases: whether (H, tt) is contained in one of the sets or C^'*, and 



whether the inequality (38) is strict or tight. 
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{H,ir) G C lJ and inequality (38) is strict. Combining (37a) and (39a) yields 

d e (J,vi,w^ n \ Jta) ) > 4 • 



(40) 



By the definition of d x a in line [8] it follows from (40 ) that if ( J, n\ j) was not already contained in 
H a at the beginning of the repeat-loop (**) (in the z-th iteration of the repeat-loop (*)), then 
at this point (J\ vi,ir\n Vl ) was not contained in T~L a either. By (35) there must then be some 
j' < j such that (J \v\, ir\ j\ Vl ) was added to T~L a in the j'-th iteration of the repeat-loop (**). 
Combining the first part of Lemma 17 and (40) shows that also (J, ir\j) was added to T~L a in 
the j'-th iteration of the repeat-loop (**). In any case (J,ir\j) is already contained in T-L a 



when (H,ir) is added to this set. Applying the first part of Lemma 20 using (39a) yields that 
w (h,-k,(t)( v i) — w (.j,tt\j,<t)( v i)i completing the inductive step in this case. 

(H, it) G C l, i' k and inequality (38) is strict. Combining (37b) and (39a) yields dg(J, v\, W(j^\ J (T ^) > 
d l a . Therefore, if (J, ir\j) is not already contained in T~L a when (H,ir) is added to this set via 
the set C i, - ?,fc , then (J, ir\ j) is contained in C %, '^ k as well (recall (35) and the definition in line 



and note that (J, tt\j) satisfies the first condition in line 26), and added to H a together with 
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(H,ir). To complete the inductive step apply again the first part of Lemma 20 using (39a). 
(H, 7r) G C m and inequality (38) is tight. Combining (37a) and ( |39b ) yields dg( J, vi,W(j t7T \j^) = 
d % a . Therefore, if (J, tt\j) is not already contained in T-L a when (H,tt) is added to this set via 



the set C* ,J , then (J, ir\j) is contained in C 1 ' 3 as well (recall (35) and the definition in line 14), 
and added to 7i a together with (H,ir). The definitions in line 
any case 



18 28 30 and 31 show that in 



(23) 



W 



and 



2:',) 



w 



(J,7r|j,o-)0l) - W<t(J,k\j) 



w 



(41) 



W(H,n,a)(vi)-W a (H,7r) 

for some i < i with aj = a. Applying the second part of Lemma 16 using (41) yields that 
w (h,-k,(t)( v i) — w (.j,tt\j,<t)( v i)i completing the inductive step in this case. 



(H,ir) £ C L ^ k and inequality ([38} is tight. Combining ( |37b[ ) and fl39b| ) yields 

d (J,vi,w {JMj>a) ) > dl . (42) 

Therefore, if (J, tt\j) is not already contained in T~L a when (H,n) is added to this set via the 
set C l ^' k , then (J, tt\j) is contained in 7~*'-'' fc as well (recall (35) and the definition in line 23). 
Suppose for the sake of contradiction that (J, ir\j) was not transferred from f l '^ k to C i,jf,fc , i.e., 



that it violated the condition in line 26 By (42) and the first condition in line 26 we have 



d g {J,vi,W(j^\ Jta )) = dl , 



and by the second condition in line 26 there is a subgraph J C J with v\ 6 J and 



Combining (37b), (38) and (43) shows that 



d 9 (H, vi,W( H)%jlJ 



dl 



(43) 
(44) 
(45) 



Clearly J is a subgraph of H that contains the youngest vertex v\, which combined with (44) 



and (45 ) contradicts the fact that (H, ir) satisfies the condition in line 26 (only graphs satisfying 
this condition are transferred from T l 'i' k to C l, ^ ,k ). Hence the graph (J, tt\j) is either already 
contained in % a or added to this set together with (H,ir) via the set C l ^ ,k at the latest. 
It remains to show that W{h,tt,ct){ v i) ^ w (J,ir\j,a)( v i)- Suppose for the sake of contradiction 



that this inequality is violated. Using (39b) and the second part of Lemma 20 this implies that 
w a (H,7r) is defined in line 31 with l defined in line 28 and that w a ( J, ir\ j) is defined either in 



line [18] or in line [31] with i defined in line [30] In the following we show that none of those cases 

th v± G J and 
(thus causing 



can occur, as in each case, similarly to above, the existence of a graph J C H with v\ G J and 



G Ccr(dg(H, v\, Wrjj l Tr t a))) causes (H,ir) to violate the condition in line 
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a contradiction). First consider the case that w a (J,iT\j) is defined in line 18 i.e., (J, tt\j) is an 



element of one of the sets C 4J defined in some iteration i < i. From the definition in line|l4|we 
know that 



d % a = d (J,vi 
We distinguish the subcases J = 



1 and j 



(46) 



> 2. If j 
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set C a (d t r7 ) in line 
that the graph J 
j > 2, then by the second part of Lemma 



1 then (J, it\j) was added to the 
Using (46) it follows that (J, ir\j) G C a (dg(H,vi,w^H t7T ^)), showing 
J itself causes (H, it) to violate the condition in line 
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27 



there is a subgraph J C J with 



Similary, if 
v i G J and 



G Co-(g^). Using again (46) it follows that (J, 7r|j) G C cr (dg(H,vi,w^,Tr,a)))^ causing a 
contradiction also in this case. Now consider the case that w a { J, tt\ j) is defined in line 31 with 



i defined in line 30 Then by the condition in line ^71 there is a subgraph J C J with v\ G J and 



(J,7r|j) G C a (d e (J, ui, W( Ji7r | Ji(7 ))). Using ( |39b[ ) it follows that (J,vr|j) G C a (d e (H, v x , W(Hw)))> 
causing 7r) to violate the condition in line 27 This completes the proof. 



□ 



3.6. Graphs in C t,3,k irrelevant for Builder. When proving Proposition |6]in Section|4]we develop 
a Builder strategy along the lines of the algorithm ComputeWeightsQ. The following lemma will 
be crucial in this: It shows that Builder does not need to enforce any ordered graph (H,tt) G S(F) 
that is added to one of the families % s via one of the sets C JJ ' fc , as for each such graph there is an 
alternative ordering tt' G T1(V(H)) of its vertices such that (H,tt') has already been added to T~L S 
via the set C l ' J with weights that are at least as good for Builder. 

Lemma 23 (Partners between C 1 ^ and C^' ). Let a G [r] and consider some iteration i of the 
repeat-loop (*) with a% = a of the algorithm ComputeWeightsQ. In every iteration j > 1 of the 

and 
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repeat-loop (**), the set C iJ defined in line 14 and the sets C l '^ ,k , k > 1, defined in line 
during each iteration of the repeat-loop (***) ; satisfy the following: For any graph (H, ir) G C 1 '^ 
7r = (vx, . . . , Vh), the graph (H, 7r') 7 defined by it' := (wfe+i, vi, V2, ■ ■ ■ , vi~, Vk+2, ■ ■ ■ , Vh), is contained 
in C l ' J and satisfies W(h,tt ) o){ u ) ^ w (Hy ,a)( u ) f or a M u £L H. 

Proof. For the reader's convenience, Figure [3] illustrates the notations used throughout the proof. 

We shall prove the following more technical claim: Let a G [r] and consider some iteration i of the 
repeat-loop (*) with = a and some iteration j of the repeat-loop (**). For k = and any graph 
{H,ir) G C i,J , 7r = (vi, . . . ,Vh), and for k > 1 and any graph (H,tt) G C l ' jf,fc , tt = (v\, . . . ,Vh), the 
graph (H, it'), defined by ir' := (vk+i,vi,V2, • • • , «fc, "Vfc+2; • • • , v h), is contained in C 1 ' 3 and satisfies 
W(H,n,a){u) < W( H y^(u) for all u G H. 

We will argue at the end of the proof that any graph (H, it) contained in one of the sets has at 
least three vertices, ensuring that all subgraphs used in the following arguments have at least one 
vertex. 

To prove the auxiliary claim we consider a fixed iteration j > 1 of the repeat-loop (**) and argue 
by induction over k, the number of iterations of the repeat-loop (***). We choose the state before 
the beginning of the first iteration (k = 0) as our induction base. In this case it' = it and the claim 
is trivially true. 

For the induction step consider a graph (H, it) G C lJ ' fe , it = (vi, . . . , v^), that is added to T~L a in the 



k-th. iteration of the repeat-loop (***) (k > 1). By the definition of T 1 ^^ in line 23 (recall that 
Qhj,k q q-i,j,k^ we c i ear iy h ave 

deiH^w^^) >di . (47) 
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(H \ {vi,Vk+l},TT* \ Vk+l) 

(H\{v 1 ,v k+ i},iT\ {vi,v k+ i}) 
(H \ {i>i,v Jfc+1 },7r / \ {vi,Vk+i}) 



T(F) 



Induction base 
k = 



g c*^. 1 jt = 1 



G C*J' 2 fc = 2 



(if \ ujfe +1 ,7r\ v k +i) 




£ Qi,j,k-1 



(H\vi,tt\vi) 



(H, n>) 

IT' = (v k+1 ,V 1 , . . .,V k ,V k+2 , ■ ■ ■ ,V h ) 



G C* J '' fc 

(tf,7r) 
7T = 



FIGURE 3. Notations used in the proof of Lemma 23 For each ordered graph, the 
respective youngest vertex is emphasized. 



As (H, 7r) is obtained from (H \vi,ir\vi) by adding v\ as the youngest vertex and all edges incident 
to it, we have 

W(H,n,a)(u) = w {H \ Vlt7T \ Vua) {u) for all u e H \ vi . (48) 

If j = 1, the definition of d l a in line [8] ensures that at the beginning of the j-th iteration of the 
repeat-loop (**) we have dg(J, ui,wrj tTt(T \) < d l a for all (J, r) G C(T-L a , F), r = (ui, . . . , u c ). If j > 1, 
the same statement is true by the first part of Lemma 17 Thus if the inequality (47) is strict, then 
(H,tt) was not in C(H a ,F) at the beginning of the j-th iteration of the repeat-loop (**), and thus 
(H \vi,ir\vi) was not in 7i a at this point. If k = 1 this means that (H \ vi,ir\vi) must have been 
added to via the set C 1 ' 3 . The same conclusion holds if k = 1 and the inequality (47) is tight, as 
otherwise (H,ir) would have qualified for inclusion in C lJ . 

Note that the conditions for inclusion into T l, -i ,k and C* J,fc in lines 23 and 26 do not change during 
the entire repeat-loop (***) except for the requirement that (H,tt) is in the current set C(7i a ,F). 
Thus if k > 2 then (H\vi,tt\vi) must have been added to T-L a via in the (k — l)-th iteration 

of the repeat-loop (***). 

In all cases we can apply the induction hypothesis and conclude that the graph (H \vi,tt*), defined 
by 7r* := (v k+ i, V2,va . . . , v k , v k+ 2i • • • ) v h) (t° be understood as tt \ v% if k = 1) is contained in C 1 ' 3 
and satisfies 

W{H\vx,-K\v x ,a)(^) < W(#V;i,7r*,<T)( u ) for all u G H \ « a . (49) 
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By the definition of C* J in line 14 {H \vi,ir*) satisfies 



dg (H\v 1 , v k+ i, w {H \ Vl )7r * )0 .) ) = d l a , 
and the weight of its youngest vertex v k+i is set to 

J23I 



(50) 



WiH^^^iVk+^-WaiHXv^TT*) = W % (51) 

in line 1181 

Consider now the graph (H \ v k+ \, tt \ v k +i) and observe that it is a subgraph of (H, n). Applying 
Lemma 21 and Lemma 22 hence yields 



d (H\v k+1 ,v 1 ,w {H \ Vk+u7r \ Vk+ua) ) ydeiH^x^^^^^d^ . (52) 
As {H \vi,tt*) G C lJ we must have had 

(H \ {vi,V k+1 },TT* \ V k+1 ) = (H\ {Vt, V k+1 }, 7T \ {Vl, Vfe+l}) € U a (53) 
at the beginning of the j-th iteration of the repeat-loop (**). 

As our next intermediate step we will show that the graph (H \ v k+ i,ir \ v k+ \) (which is obtained 
from the graph in (53) by adding v\ as the youngest vertex and all edges incident to it) is contained 
in T~L(j at the beginning of the j-th iteration of the repeat-loop (**) as well. We first consider the 
case that one of the inequalities in (52) is strict, i.e., we have 

d g (H \ v k+1: v u w {H \ Vk+uAvk+lta) ) 



>dl 



(54) 



If j = 1, it follows from (53) and (54) that (H \ v k+ i,ir \ v k +i) is indeed contained in H a at the 
beginning of the j-th iteration of the repeat-loop (**), as otherwise we would obtain a contradiction 



to the definition of d % a in line[8j The same conclusion holds for j > 1 by using (53), (54) and the 
first part of Lemma [XT] Now consider the case that all inequalities in (52) are tight, i.e., we have 

de(H \v k+ i,vi,W( H \ Vk+1>7r \ Vk+1)fT )) = de(H,vi,w^ H ^) = d l a . (55) 

Suppose that j = 1 and that (H \ v k+ i,TT \ v k +i) was not already contained in % a at the beginning 
of the first iteration of the repeat-loop (**). Then by (53) and (|55|), this graph would be added to 
C 1 ' 1 = C a (di) in line 



14 



As (H \ Vk+i,7r \ Vk+i) is a subgraph of (H, tt) that contains the vertex v\, 
this observation together with the second equality in (55) contradicts the fact (H,tt) satisfies the 
condition in line 26 The remaining subcase j > 1 can be proven analogously by using the second 



part of Lemma 17 



Therefore, we indeed have 

(H\v k+1 ,ir\v k+1 ) <E H a (56) 

at the beginning of the j-th iteration of the repeat- loop (**). The weight assigned to the youngest 
vertex v\ of this graph is 

W(H\v k+1 ,n\v k+1 ,a)(vi) =w l >w l (57) 

for some i < i with = a, where the last inequality follows from the second part of Lemma [i~6] 

We will show that the graph (H, tt'), defined by tt' := (ffc+i, ui, . . . , v k ,v k +2, ■ ■ ■ > Vh) (which is ob- 
tained from (H \ v k+ i,ir \ v k+ \) by adding v k+ \ as the youngest vertex and all edges incident to 
it), satisfies the inductive claim: We first demonstrate that this graph is contained in C %J and then 
prove the claimed inequality between the vertex weights of (H,ir) and (H,ir'). 

As a first step towards this goal we show that de(H,v k +i,w^jj !7T / ^) = d\. 

Clearly we have (H \ {vi, v k+1 }, tt* \ v k+l ) = (H\ {v u v k +i}, ix' \ {v u v k+i }), implying that 

W( H ,TT>,a){u) for all u G H \ {vi,v k+ i} . (58) 



w 



(H\vi,ir*,a) 



As (H, 7r') is obtained from [H \ v k+ \, 7r \ v k+ \) by adding v k+ \ as the youngest vertex and all edges 
incident to it, we have 



W(Hy,a)(vi) = ^(H\„ H1)I \» t+1 , ff )(«l) 



w 



(59) 



Observe that (H,tt') is a supergraph of {H \v\,ir*), so applying Lemma 21 and Lemma 22 yields 
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do(H,v k+1 ,w (H y !(T )) < dg(H \v 1 ,v k+1 ,w {H \ Vu7T ^ a) ) l ^d i 



(60) 



Now suppose for the sake of contradiction that the first inequality in (60) is strict, i.e., we have 

dg(H,v k+1 ,w {H y ta) ) < 4 • 



By (18) and (58) this implies that some 

J'e 



E ^ + w (Hy ^(u))-e(J)-e) 

u£j\v k+1 

includes the vertex v\. But then we would have 



arg mm 

JCH:v k+1 e.J 



ueJ'\vi 

(48)j49]l 

S 2^ (l + W(H\v u n*,*)(u)) - e(J') ■ 9 
ueJ'\vi 

= ^2 { 1 + W( H \ VliW * ta )(u)) + (1 + W(H\v u -K*,a)(Vk+l) 

ueJ'\{^i,« fc+ i} 



(61) 
(62) 



e(J') 



'l +^(ff,7r',(7)(«)) - e(J') • 



u£J'\v k+ i 

"—^—'d e (H, v k+1 ,w {H y t(T) )^d 



contradicting (47). Hence (60) holds with equality and we have indeed 

d e (H,v k+1 ,w {H y ia) ) = d l a . 



(63) 



Clearly, as (H \ vi,tt*) is contained in C tJ , it follows that this graph is not contained in T~L a at the 
beginning of the j-th iteration of the repeat-loop (*). As (H,ir') is a supergraph of (H \ vi,ir*), it 
follows from Lemma 22 that (H, ir') is not contained in T~L a at this point either. Hence, by (56), (63) 
and the definition of C 1 ' 3 in line 14 we have (H,7r') £ C 1 ' 3 . 



It remains to check the claimed inequality between the vertex weights of (H,tt) and (H,tt'). Note 
that {H \ ffc + i,7r \ v k+ \) is a subgraph of (H,ir). We can hence apply Lemma 22 and, observing 
that (H,ir ! ) is obtained from {H \ v k+ i,ir \ v k+ i) by adding v k+ \ as the youngest vertex and all 
edges incident to it, obtain the desired inequality for all vertices in the set {v±, . . . ,Vh} \ {v k+ i}. 
For the vertex v k+ i, note that (48), (49) and (51) together yield w^H j7T ^(v k+ i) < w l and that 

W( H y^(v k+ i)^w a (H,7r') = w l by the definition in line 



18 



This completes the inductive proof of Lemma 23 



It remains to show that every graph (H, 7r) G C l)3)k has at least three vertices, and that therefore all 
graphs used in the above arguments are well-defined and have at least one vertex. We show that all 
graphs (H,ir) G S(F) on at most two vertices that are ever added to the family T~L a in the course 
of the algorithm are added to it via one of the sets C 1 ' 3 defined in line 14 As argued in the proof 



of Lemma [12] on page 24 this is true for the graph (Ki, (vi)) (an isolated vertex), which is added 
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via the set C*' 1 in the first iteration i for which cii = a. Once we have 7i a = {(K±, (i>i))}, the only 
two ordered subgraphs of F on two vertices, a single edge and two isolated vertices, are contained in 
C(7i a ,F). Using this fact together with the observation that (K\, (v\)) is contained in C a (0) and is 
a subgraph of both of them, it is easy to check that each of those two graphs can only be added to 
7-l a via one of the sets C 1 ^: If the dgQ- value of one of these graphs is equal to 0, then it is added via 
C 4 ' 2 . Otherwise its de()-value is strictly smaller than and it is added via C 1 ' 1 for some i > i. □ 



3.7. Further properties of the algorithm. The next lemma implies in particular that for a graph 
(H, it) G H s , it = (v\, . . . , Vh) and a subgraph J C H, v\ G J, minimizing the right hand side of the 

is in fact an equality. As 
C H are relevant, these 



22 



definition of de{H,v\,W(H^^) in (18), the inequality stated in Lemma 
a consequence, in all situations where the vertex weights of a subgraph J 
weights only depend on (J, tt\j) and not on the 'context' H. This is far from clear a priori, and in 
fact not true for arbitrary subgraphs J C H. 

Lemma 24 (Irrelevant context of c^Q-minimizing subgraphs). Throughout the algorithm COMPUTE- 
WEIGHTS0, for every s G [r], any graph (H, tt) G 7i s VJC{T-i s , F), tt = (vx, . . . , Vh), and any graph J 
from the family 

' ^ (64) 

(65a) 
(65b) 



arg mm 

JCH:V!eJ 



we have 



W(h,tt,s){u) = ^(j i7r | JiS )( u ) f or allue J\V! . 
Moreover, if (H, tt) G 7i s , then we have 



Note that by Lemma 15 and Lemma 22 all vertex weights referred to in the formulation of Lemma 24 
are finite values. We will not mention this explicitly again in the following. 

The following two auxiliary statements are only used for proving Lemma [24| 

Lemma 25. Let H be a graph with V(H) = {v±, . . . , w : V(H) \ {v±} — 
function, > a real number, and let J be a graph from the family 

argmin ( >^ (l + w(u)) — e(J) • 9 ) . 

JCH:viEJ V ~rf ' 
— u£j\vi 

Moreover, let Vk be a vertex contained in J and J a graph from the family 

E (1 + «>(«)) - e(J) • *) • 

u£.J\v k 



arg mm 

JCH\{v 1 ,...,v k _ 1 }:v k GJ 



an arbitrary weight 
(66) 

(67) 



Then the graph J n J is also contained in the family (67). In particular, for two graphs J', J" from 
the family ( 66 ) the graph J' Pi J" is also contained in ( 66 ) . 

Proof. In order to simplify notation, we introduce for a real number 8 > 0, any graph H, any vertex 
v G H and any weight function w : V(H) \ {v} — > M, the function 



X e (H,v,w):= £ (l + w(u))-e(H)-0 

u£H\v 



(68) 



As for the definition of dg() in (18), it is also convenient here to allow functions w in the third 
argument of A7() whose domain is strictly larger than the set V(H) \ {v}. Of course, for the value 
of \g(H, v, w) only the values w(u) for all u G H \ v are relevant. 
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By the choice of J in (67) and by ( |68[ ), we have 

X g (J,v k , w) < Xg (J n J,v k , w) . (69) 

This inequality, however, must be tight, as otherwise the second inequality in 

J69l 



X e (J U J, u;) — A e (J,vi,w) + X e (J,v k ,w) - X e ( J n J,v k ,w)sX e (J,vi,w) 
would be strict, contradicting the choice of J in (j66h . This proves the lemma. □ 



The next auxiliary statement will be used to prove Lemma |24| by induction. 

Lemma 26. The following invariant holds throughout the algorithm ComputeWeightsQ. Let 
s £ [r] and let (H,ir), tt = (v\, . . . , x>h), be a graph in % s , and suppose that every graph J' from the 
family 

E (i+»(H W )W)-eW'«) (70) 

US J\v\ 

satisfies 

W(h,tt,s)(u) = W(j', w | J/)a )(tt) for all u £ J' \v\ . 
Then every such graph J' satisfies 



arg mm 
jcn-.vieJ 



w 



(H,n,s)(vi) = W(J'^[j,,s)(vi) • 



(71) 
(72) 



Proof. Let J' be a graph from the family (|70|) and note that 



rf (il , Ui , V)(H,ir,8) ) U «e W , U 1 , ^(H,7r,s) ) - «e ( J , Vl , W( j, |7r | >a ) y 



(73) 



the second part of Lemma 
is if w s (H,ir) is defined eit 



By Lemma 22 we clearly have w^jj >n>s ^(vi) < W(j',n\j,,s)( v i)- Consequently, using ( |73[ ) and applying 

20 the only way that wm t7T , s )( v i) can t> e different from '^(j' i7r | J , ) s)(wi) 
rer in line |18| or in line 31 with i defined in line 30, and w s ( J', vr | jr) is 



defined in line 1311 with i defined in line |28j We will show that none of those cases can occur. 

• First consider the case that w s {H } tt) is defined in line [l8] in some iteration i of the repeat- 
loop (*) (for which a» = s) and the first iteration j = 1 of the repeat-loop (**), i.e., (H,tt) is 
contained in C*' 1 and satisfies dg(H,vi,W(H^ tS )) = d\ and w s (H,tt) = w % . Then by (73) and by 
Lemma 18 and Lemma 22 the graph ( J' , must be contained in C 1 ' 1 as well and is added to 

proving 



H a together with (H,tt). Hence we have w s (J' ,ir\j>) = w l by the definition in line 
(72 ) in this case. 



18 



Now consider the case that w s (H,tt) is defined in line 18 in some iteration i of the repeat- 
loop (*) (for which on = s) and some iteration j > 1 of the repeat-loop (**), i.e., (H,tt) is 
contained in C 1 ' 3 and satisfies 



d e (H, Vl ,w {H)7T)S) ) = d\ . (74) 

Then (H,n) must have been in C{% S ,F) at the end of the previous iteration of the repeat- 
there is a subgraph J C H with v\ £ J and 
and line 



loop (**), and by the second part of Lemma 
(J,ir\j) £ C s (d l s ). From the definitions in line 

Fix some graph J" from the family 



16 



it follows that 



dl 



argmin ( ^ (l + u> (J)7r | b) (u)) - e(J) • 9 



(75) 
(76) 
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and note that 



d e {J,vi,w { j AjiS) ) 



ueJ"\«i 



u, (J,7r|j,5)(«)) - e ( J ") 



By Lemma 22 we have 



We hence have 



W(H,7r,s)(u) < iD(j jff | Ji8 )(«) for all u G J . 
l + *0(fr, ff ,«)(«)) 



(77) 



(78) 



E 

«eJ"\tii 



e(J") 



dg(J, vi,w^ 



which combined with (74) and (75) shows that the graph (J",7r|j«) is contained in the family 
(70). Applying Lemma 25 yields that the graph (J'PiJ" , ir\j'nJ") is a l so contained in the family 



(|70|). Analogously to ( |73[ ) we have 

deCH", ui, ^(h.tt.s)) = W n J", «i, W(j/ n j", w | J/nJ/ ,, a )) 



which combined with ( 74 ) shows that 



d e (J' n J", m, W(j'nJ",7r| J , nJ „, s )) 



(79) 



Clearly J' D J" is a subgraph of J that contains the youngest vertex uj. Using this observation 
and (79) and applying Lemma 18 and Lemma 22 the fact that (J,tt\j) is contained in C s {d l s ) 
implies that (J' D J" ,^\j'nJ") is contained in C s (d\) as well. But as J' D J" is also a subgraph 
of J' (that contains the youngest vertex vi), this implies with ( |73[ ) and (74) that the graph 
(J',7r|j') violates the condition in line |27| which yields the desired contradiction. 



Finally consider the case that w s (H, tt) is defined in line 
loop (*)) with i defined in line 



30 



31 (in some iteration i of the repeat- 
and line : 



26 



27 



we have d e (H,vi, W( H p, a )) > 



By the conditions in line ! 
d\ and there is a graph J C H with v\ G J and (J,tt\j) G C s (do(H, vi, W(h,it,s)))- Using the 
definitions in line [14] and line [161 as well as the first part of Lemma [T6l it follows that 



de{H,vi,w {H ^^ s) ) = d\ 



and 



dg(J, vi,w { j MjyS) ) = d\ 

for some i < i. From here the proof continues analogously to the second case (where d\ needs 
to be replaced by d l s ), concluding that (J',ir\ji) must violate the condition in line 
again yields the desired contradiction. 



27 



which 



□ 

Proof of Lemma [24[ We argue by induction over the number of vertices of H. The claim clearly 
holds if H consists only of a single vertex, as then J = H is the only graph contained in the family 



(64). This settles the base of the induction. 



For the induction step suppose that H has at least two vertices, and let J be a graph from the 
family ( |64| ) . Clearly, (H\vi, tt\vi) is contained in % s (recall the definition of CQ in (22)). Applying 
we obtain that (J \vi, n\j\ Vl ] 



Lemma 22 



) is contained in H s as well and that 
W(H,Tr,s)(vi) < « ( j |ir | for all Vi G J \ v\ . (80) 

We will first show that this inequality is tight for all Vi G J \v\ (which is exactly the statement of 



(65a)). Suppose for the sake of contradiction that the inequality in (80) is strict for some V{ G J\v\, 
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and choose the largest index k for which this is the case, i.e. 
and 

W(H,Tr,s)(vi) = w (j tir \~ 8 )( v i) for all Vi G J\ {v 1 , . . . ,v k } 
(we clearly have k > 2). Fix a graph J from the family 



argmin ( ^ (l + W( H ^, s )(u)) - e(J) 



JCH\{«i,...,t) fc _ 1 }:w fc eJ 



(81) 
(82) 

(83) 



ueJ\v k 



and observe that by Lemma 25 also the graph J n J is contained in the family (83). By (82) the 
same graph J D J is also contained in the family 

argmin ( (l + w { ^ s) (u)) - e(J) ■ . 

JQJ\{vi,-,v k -i}:v k £j U £j\v k 

By induction, we therefore have w ( y n j )7r |_ ~ 8 )( v k) = ™(H,n,s)( v k) andw (jnJ,Tr\ JnT ,s)( v k) = w (j,n\j,s)( v k)i 
which together contradicts (81) and shows that (80) holds with equality for all Vi G J \v\, thus 

□ 



proving (65a 



The relation (65b) follows from (65a) by applying Lemma 26 



Lemma 24 allows us to derive the next statement, which is similar in spirit but considers AgQ-values 
instead of cZgQ-values. 

Lemma 27 (Irrelevant context of Ag() -minimizing subgraphs). For every s G [r] and any graph 
(H, 7r) G Tig, 7T = (vi, . . . , Vh), we have 

waX0(J,Wf Hvt )) = min A e (J,w (J)7r | js) ) . 



Proof. Using the definition of Ag() in (19), we obtain from Lemma 22 that 



JCH:' 



From 



JCH 



ruin \e(J,W(H,n,s)) < min \ e (J,w,j \ s) ) . (84) 
min \e{J,wr H ))^ min ( V [l + w {H s) (u)) - e{J) ■ O) + I + w {H s) {vi) (85) 



u£j\vi 



it follows that the minimum on the left hand side of ( 84 ) is attained for some graph 

J G argmin ( ^ (l + W(tf j7r , s ) («)) - e(J) • 6> 
- ueJ\ni 



(86) 



We can hence apply Lemma [24] and obtain 



min A ( J, w (H } ) r " r - r " f V(l + u> (H } (u)) - e(J) • 9^^\ e (J,w ( j 



\r,s)> ' 



which shows that the inequality in (84) is tight. The lemma now follows by combining the resulting 
identity with the identity 



min A e (J, w (jH - i7riS) ) 



mm 

l<i<h 



□ 



3S 



We are now ready to state and prove the relation between Ag(F,r) as denned in (24) and the 
parameter (3i = l + ^se[r] use d in our informal explanation of the algorithm ComputeWeightsQ 
in Section [3.31 



Lemma 28 (Relation between h.g(F,r) and d\). For any input sequence a £ [r^'l- 5 ^)! f the 
algorithm ComputeWeightsQ we have 



max min X e (H, wr Hn \ a )) = 1+ V(f s , 

sG[r] HCF I —f 

7ren(y(F)) se H 



(87) 



where l is the smallest integer i for which (F,ir) £ C l ' J for some ir £ U(V(F)) and some integer 
j > 1, and d\ and C l,jf are defined in line^ and line 



14 



Proof. Throughout the proof, we will repeatedly use that, as a consequence of the first part of 
Lemma 



16 each of the values d\, t £ [r], is non-increasing with i, and that the sum 

te[r] 

is decreasing with i. 

For every s £ [r] and any graph (H, tt) £ T~L S , ir = (v%, . . . , Vh), we have 

, , T N JT8l,Jl9ll . . 

mm X e (J, w {H ^ s) ) '-J 'd e {H, v u W( H )7r , s )) + 1 + w {Hn s )(vi) . 



(89) 



If (H,tt) £ C 1 ' 3 for some integers i,j > 1 with ctj = s, then by using the definition in line 14 and by 
combining (23) with the definitions in line flOl and 18 we obtain from (89) that 



min Xe(J,w {H , W)S) ) =1 + V< 

teH 



(90a) 



Similarly, if (#, tt) £ C l ' j ' k for some integers k > 1 with a, = s, then by using the definition in 
recall that C l ^' k C F l '^ k ) and by combining (23) with the definitions in line 



23 



line 

obtain from (89), using the monotonicity of the values d\ in i, that 

min Xg(J,w (H } ) > 1 + . 

teH 



10 



and 



31 



we 



(90b) 



By Lemma 15 in the maximization in ( |87| it suffices to consider those s £ [r] and vertex orderings 
7r £ n(F(i ? )), 7r = (vi, . . . ,Vf), for which (F, tt) £ % s . We clearly have 

X 6 (H,W( Ftn ^) . (91) 



min \o(H,w/ F n S )) 



mm 

l<c</ 
HCF\{« I ,..,» c -i}™ c efl 



If (-F, 7r) £ C 1 '-? for some integers i,j>l with aj = s, then by (90) and the monotonicity of the sum 

(92) 



in i, the minimum on the right hand side of (91) is attained for c = 1, yielding 



mm Xe(H,w iFiniS )) = 1 + ^ d\ . 



ter 



If (F,tt) £ C* J ' fc for some integers A; > 1 with on = s, then by Lemma 23 the graph (F,ir r ), 

(93) 



defined by tt' := (vk+i, v i, i>2, ■ ■ ■ , Ufc, ^fc+2i • • • j v f)> is contained in C 1 ^ and satisfies 

w (F,7r, s ) (u) < W(F,ir',s)(u) for all u £ F , 
implying that 



(93) 



min Xg(H,w, F ^ s ))!? min X e (H,wr F y tS) )^l + V 

teH 



(94) 
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By Lemma 27 we can replace the weight function ^rg^r s ) on the left hand side of (92 ) by itf(# i7r | H 



and the weight functions 



•«' 



(F,ir,s) 



and 



s) 



w 



(F,ir',s) 



in (|94j) by w {H ^\ H)S) and w {Hy \ H)S)l respectively. 



From the two modified equations the claim follows immediately, observing that as a consequence of 
the monotonicity of the sum (88) in i 
defined in the lemma. 



their respective right hand sides are maximized for i 



as 
□ 



4. Builder in the deterministic game 

In this section we prove Proposition [6] by explicitly constructing, for F, r, 9 and f3 as in the propo- 
sition, a Builder strategy that enforces a monochromatic copy of F in the deterministic game with 



r colors in at most a max steps (where a max = a max (F, r) is defined in (97) below), and that respects 
the generalized density restriction (9,f3). 

4.1. The pigeonholing. We will derive Builder's strategy from the algorithm ComputeWeights() 
(Algorithm [T] on page 20 ) in two steps, using an abstract version of the game as an intermediate 



step. The reader should not be put off by our introducing yet another game — this abstract game 
is merely a convenience to separate a conceptually simple but important pigeonholing argument 
from the more interesting part of the proof. We give the pigeonholing argument in detail because 
there are some subtleties involved, and also because we want to derive an explicit upper bound 
a max = a max (F,r) (that in particular does not depend on 9) on the number of steps that Builder 
needs to enforce a copy of F in the original deterministic game. 

The abstract game is played by two players AbstractBuilder and AbstractPainter that correspond 
to the players of the original deterministic game. The state of the abstract game after t steps is 
described by a list (G , . . . , G l ) of r-colored graphs G 1 , 1 < i < t, where the same r-colored graph 
may appear several times in the list. (Intuitively, these entries represent r-colored graphs of which 
Builder can enforce isolated copies on the board of the actual deterministic game, where by an 
isolated copy of some (r-colored) graph G on the board we mean a copy of G that is the union of one 
or several components.) In each step t + 1 of the abstract game, AbstractBuilder constructs a new 
graph by choosing an arbitrary subset X of the index set {1, . . . ,t}, and connecting an additional 
vertex v in an arbitrary way to the disjoint union of the graphs G 1 , i G X. AbstractPainter then 
chooses a color s £ [r] for v, and the resulting r-colored graph G t+1 is added to the list. The game 
starts with the empty list (and thus the first graph G 1 constructed is simply an isolated vertex), 
and AbstractBuilder 's goal is to create an r-colored graph G t that contains a monochromatic copy 
of F. Similarly to before we say that an AbstractBuilder strategy satisfies the generalized density 
restriction (9, (3) for given values 9 > and (3 if, at all times, all subgraphs H with v (H) > 1 of all 
graphs G l in AbstractBuilder's list satisfy fJ-e(H) > (3 (recall ([7])). 

The following lemma relates the abstract game to the original deterministic game. 

Lemma 29 (Link between abstract and original deterministic game). Let AbstractStrategy be 
an arbitrary AbstractBuilder strategy for the abstract game with r colors. If ABSTRACTSTRATEGY 
enforces a monochromatic copy of F in at most i max steps, then it gives rise to a Builder strategy 
STRATEGY for the original deterministic game with r colors that enforces a monochromatic copy of 
F in at most (j--|-l)*max s t e p S . Furthermore, if ABSTRACTS TRATEGY satisfies the generalized density 
restriction (9, f3) for given values 9 > and (3 > ; then also STRATEGY satisfies the generalized 
density restriction (9,(3). 

Proof. We simultaneously capture all possible ways the abstract game may evolve if AbstractBuilder 
plays according to AbstractStrategy by an r-ary rooted tree T in which a node at depth t is 
a list b = (G 1 ,...,G t ) of r-colored graphs G\ 1 < i < t, and has as its r children the nodes 
b s = (G 1 , . . . , G t , G* +1 ), s G [r], where G* +1 is obtained from G ,...,G t by applying the next 
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construction step of AbstractStrategy and coloring the new vertex with color s. Thus the 
graphs G* +1 differ only in the color assigned to the new vertex. 

We assume w.l.o.g. that AbstractBuilder stops playing as soon as a monochromatic copy of F is 
created. Thus if b = (G , . . . , G l ) is a leaf of T, the graph G t (the last graph constructed) contains a 
monochromatic copy of F. Furthermore, by the assumption of the lemma, the depth of the strategy 
tree T is bounded by t m ax- In the following we assume w.l.o.g. that the depth of T is exactly i m ax- 

To derive STRATEGY from ABSTRACTSTRATEGY, we compute for each node b = (G 1 , . . . , G*) of T a 
function /& : {G 1 , . . . , G'} — > No that specifies for each of the graphs G 1 the number of isolated copies 
of G % that are needed to implement the strategy ABSTRACTSTRATEGY in the original deterministic 
game. This can be done recursively as follows. 

If b = (G 1 , G*) is a leaf of T, we set 

fb{G l ) := 1 (95a) 

and 

f b {G l ) := , 1 < i < t - 1 . (95b) 

If b = (G , . . . , G*) is an internal node of T, then letting Xb C {1, . . . , t} denote the index set of the 
graphs that are used in the construction step corresponding to b, and denoting the descendants of b 
by b s = (G 1 , . . . , G t , G* +1 ), s G [r], as before, we define for 1 < i < t, 

A«?):4 mlI ' E ""S; r f(rt+1 , (95c) 

With these definitions, STRATEGY is obtained from ABSTRACTSTRATEGY by proceeding as de- 
scribed by the strategy tree T, and repeating every construction step corresponding to a given 
node b exactly ^se[r] times, each time connecting a new vertex to (previously unused) 

isolated copies of the graphs G l , i £ Xb, on the board as specified by the corresponding step of the 
abstract game. By the pigeonhole principle, this guarantees that regardless of how Painter plays 
there is a color a such that at least fi a (G^ +1 ) isolated copies of G^ +1 are created, and by our recursive 



definition in (95c) it also follows that at least fb a {G l a ) isolated copies of each graph G l a , 1 < i < t, 
are left unused. Thus Builder may continue with the construction step corresponding to the node 
bfj. This shows that at every node b = (G 1 , . . . , G*) of T, Builder has at least fb{G l ) isolated copies 
of every graph G l available. In particular, when he reaches a leaf of T, due to ( |95a ) he will have 
created at least one copy of a graph G t containing a monochromatic copy of F. 

This shows that STRATEGY indeed creates a monochromatic copy of F in the original deterministic 
game, and it remains to bound the number of steps it needs to do so. For every t = 1, . . . ,i max 
we denote by q the maximum of fb{G l ) over all nodes b = (G 1 , . . . , G*) at depth t in T and all 



1 < % < t. It follows from (95c) that 

c t < (r + l)c m , (96a) 



and by (95a) and (95b) we have 

cw = 1 • (96b) 
By definition of the rule how often to repeat each step of ABSTRACTSTRATEGY in STRATEGY, the 
number of repetitions of a step that corresponds to a node b at depth t in T is bounded by r • ct+i- 
It follows that the total number of Builder steps when executing STRATEGY is bounded by 

9(5) 



^max 1 dQjql ^max 1 



r -ct+iSr (r + 1)* < (r + 1)* 
t=o t=o 

as claimed. 
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Furthermore, as the strategy STRATEGY differs from ABSTRACTSTRATEGY merely in how often 
(Abstract)Builder's construction steps are repeated, and because for f3 > it suffices to check the 
condition ([7]) for all connected subgraphs H of the board, it follows that with ABSTRACTSTRATEGY 
also Strategy satisfies the generalized density restriction (9,f3). □ 

4.2. Builder's strategy and proof of Proposition [6} We now present AbstractBuilder's strategy 



ABSTRACTBUILD(F, r, 9) that will yield our final Builder strategy BuiLD(F, r, 9) via Lemma 29 
Throughout this section, F, r, and 9 are fixed, and we usually omit these arguments when we refer 
to AbstractBuild(F, r, 9) or ComputeWeights(F, r, 9, a). 

The strategy AbstractBuildQ proceeds in rounds along the lines of the algorithm ComputeWeights(). 
(As before, the term 'round' refers to one iteration of the repeat-loop (*) of ComputeWeightsQ.) 
AbstractBuildQ maintains, for each color s G [r], a family Q s C S(F) and a mapping G s from 
Q s to the r-colored graphs in AbstractBuilder's list. For any (H,tt) G Q s the graph G s (H,n) will 
always contain a distinguished monochromatic copy of H in color s to which we will refer as the 
central copy of H in G s (H,ir); it is however possible that this copy was constructed in an order 



different from it (this is where we make crucial use of Lemma 23 proved in Section 3.6). 

At the same time, AbstractBuildQ extracts a sequence a G [r] 7 "! 5 ^! from AbstractPainter's col- 
oring decisions such that the following holds: After each round, the families Q s contain all graphs from 
the families H s occuring after the same number of rounds of ComputeWeightsQ with input se- 
quence a. We will also see that for each graph (H, it) G *H S , the graph G S (H, ir) on AbstractBuilder's 
list can indeed be used in further construction steps (without violating some given generalized den- 
sity restriction) as indicated by the weight function w^ jW ^ computed by ComputeWeightsQ 
with input sequence a. 

In order to construct a sequence a for which the above statements hold, AbstractBuildQ uses 
variables defined by the algorithm ComputeWeightsQ for several different input sequences. We 
will use the following notations: For any sequence a G [r] l_1 and any s G [r] we let aos G [r] 1 denote 
the concatenation of a with s. When we refer to the algorithm ComputeWeightsQ with some 
input sequence a G [r]*, we tacitly assume that a is extended arbitrarily to a sequence a' G [r] 7 *'' 15 ^-" 
with prefix a. As we will only use this convention when we refer to variables defined in the first i 
iterations of the repeat-loop (*) of ComputeWeightsQ, the values of a' beyond the prefix a are 
irrelevant (recall that the i-th iteration reads exactly the i-th element of the input sequence a'). 

A key ingredient in the construction of the sequence a is the following lemma. Recall that for any 
set X and any integer r > 1, an r- coloring of X is simply a mapping / : X — > [r]. 

Lemma 30 (Dominating color). Let r > 1 be an integer and Xi, . . . ,X r finite, nonempty sets. For 
any r-coloring f of X\ x • • • x X r there is a color a G [r] such that for every x a G X a there are 
elements x s G X s , s G [r] \ {o~}, with f(x\, . . . , x r ) = a. 

We defer the proof of Lemma [30] to the next section. 

Consider now the pseudocode description of AbstractBuildQ in Algorithm [2] Note that its loop 
structure mirrors the structure of ComputeWeightsQ, with the crucial difference that while the 
loop (**) of ComputeWeightsQ simply focuses on one color a G [r] (as indicated by the i-th 
entry of the input sequence a), for the strategy AbstractBuildQ the 'right' color a depends on 
the individual decisions of AbstractPainter occuring during the loop (++), and is therefore not 
known until this loop terminates. 

In the next section we will prove the following two properties of AbstractBuild(F, r, 9). 

Lemma 31 (Well-definedness and duration of AbstractBuilder strategy). For F, r, and 9 as in 
Proposition^ the strategy AbstractBuild(.F, r, 9) enforces a monochromatic copy of F in at most 
r 2 ■ \S(F)\ r ~^ steps of the abstract game. 
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Lemma 32 (AbstractBuilder strategy is legal). For F, r, 9, and /3 as in Proposition [6j the strategy 
ABSTRACTBuiLD(i ? , r, 9) satisfies the generalized density restriction (0,/3). 



Together with Lemma 29 the preceding statements about AbstractBuild(.F, r, 9) imply Proposi- 
tion [6] straightforwardly. 



Proof of Proposition [6} Using Lemma 31 and Lemma 32 , we may apply Lemma 29 to ABSTRACTBuiLD(.F, i 
to obtain a strategy BuiLD(.F, r, 9) which enforces a monochromatic copy of F in the deterministic 
game with r colors in at most 

(We = a max (F, r) := (r + lf^(F)\^ (97) 
steps, and satisfies the generalized density restriction (9,f3). □ 



It remains to prove Lemma 30 Lemma 31 and Lemma 32 which we will do in the next section. 



4.3. Analysis of AbstractBuildQ. 



Proof of Lemma 30 . We refer to a color a G [r] that satisfies the conditions of the lemma as a color 
that is dominating in X\ x • • • x X r . 

We argue by double induction over r and X^se[r] To settle the induction base note that the 

claim is trivially true for r = 1 and any finite set X\, and also for r > 2 and \X\\ = ■ ■ ■ = \X r \ = 1. 
For the induction step let r > 2 and suppose that one of the sets X s , s G [r], contains at least two 
elements. We assume w.l.o.g. that it is X\, and fix an element x G X\. 

By induction (over the sum of the cardinalities of the sets X s ) we know that for the restriction of / 
to the set {X\ \ {x}) x X<i x • • • x X r there is a dominating color a G [r]. If a ^ 1, then a is also 
dominating in X\ x • • • x X r and we are done. Otherwise we have a = 1, i.e. for all x\ G X\ \ {x} 
there are elements x s G X s , 2 < s < r, with f(xi, . . . ,x r ) = 1. Therefore, if / assigns color 1 to 
any of the elements in {x} x X<i x • • • x X r , then a = 1 is dominating in X\ x • • • x X r and we 
are done as well. The only remaining case is that f(x, •, • • • , •) never uses color 1, and therefore is 
an (r — l)-coloring of X2 x • • • x X r . By induction (over r), there is a color a' G [r] \ {1} that is 
dominating in X2 x • • • x X r , and therefore also in X\ x • • • x X r . This settles the last remaining 
case. □ 



In order to prove Lemma 31 and Lemma 32 we will make use of the following technical lemma, 
which relates the evolution of the families Q s occurring in ABSTRACTBUILDQ to the evolution of 
the families % s occurring in ComputeWeightsQ. 

Lemma 33 (Evolution of the families Q s ). At the end of each iteration of the repeat-loop (++) 
during some iteration i of the repeat-loop (+) in ABSTRACTBUILDQ, for each s G [r] we have 
Qs 5 H s , where % s denotes the value of % s after js — 1 iterations of the repeat-loop (**) during 
iteration i of the repeat-loop (*) in COMPUTE WeightsQ for the input sequence aos, for the current 
value of j s . Here a G [r]*^ 1 denotes the sequence that has been constructed in previous rounds of 
ABSTRACTBUILDQ as a result of AbstractPainter's coloring decisions. 



Proof. Consider the i-th iteration of the repeat-loop (+), and let a be the color defined in line B14 
in some iteration of the repeat-loop (++). Note that the set of graphs (H,ir) that are added to G$ 
in line IB 171 and line IB23I in this iteration is 

nh h := C& 9 U J C~ h ' k (98) 

k>l 
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Algorithm 2: AbstractBuilder strategy AbstractBuild(F, r, 6) 
Input: a graph F with at least one edge, an integer r > 2, a real number 6 > 
Bl a := () 

B2 foreach s G [r] do 

B3 L & - & 
B4 i := 
B5 repeat (+) 
i:=i + l 

foreach s G [r] do 

Let 

jmax,s denote the total number of iterations of the repeat-loop in the i-th 
iteration of the repeat-loop (*) of the algorithm ComputeWeights() with input 
sequence a a s. 

For 1 < j < 

jmax.s) 1st Cg'^ and Cs'" 1 ' i k > 1, denote the sets defined in the algorithm 
ComputeWeightsQ with input sequence a o s in the corresponding iterations of the 
repeat-loops (**) and (***) in line 14, or line 24 and 
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respectively. 



js := 1 

repeat (++) 

foreach ((Hi, tti) 



(iJ r ,7T r )) G C-L 



xcr do 



For each color s G [r] let u s i denote the youngest vertex of (H s ,tt s ). AbstractBuilder 
constructs a new graph by taking the disjoint union of all graphs 
G S (H S \ v s i,ir s \ v s i), s G [r], for which v(H s ) > 2, and by adding a new vertex v in 
such a way that for each s G [r], coloring f in color s will extend the central copy of 
H s \ v s i in G S (H S \ v s \,n s \ v s i) to a copy of H s . AbstractPainter chooses a color 
a G [r] for f , the resulting new r-colored graph G is added to AbstractBuilder's list, 
and the newly created copy of H„ is designated as the central copy of G. 

By Lemma 30 for any combination of colors AbstractPainter chooses in the previous 

loop (line B12 and B13), there is a color a G [r] such that for each graph (H,n) G C-' 7 , 



in at least one construction step an r-colored graph with a central copy of H in color a 
is created. Fix such a color a. 
foreach (H, it) G C 1 / 3 do 

Define G$(H,ir) to be the r-colored graph on AbstractBuilder's list resulting from 



an arbitrary construction step in line B13 that created a central copy of H in 
color a. 



0z ■= Gs u Ci j3 
k := 

repeat (+++) 
k := k+ 1 

foreach (H, it) 

By Lemma 



GCi j3 ' fe , vr = («!,..., v h ), do 

the graph (H,ir'), defined by 7r' : = 
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(v k +l,Vl, . . . ,V k ,Vk+2, ■■■,Vh) 



is contained in C- 3 ' 7 , and consequently G$(H,ir') was just defined in line 
Let G 3 (H,ir) :=G 3 (H,^). 

until Ch j9 ' k = 

^ := 3c + 1 
until ja > jmax, CT for some a G [r] 
a := aoa for this a 
B28 until (F, ir) G £ s for some s G [r] and 7r G U(V(F)) 
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for the current value of where the union in (98) is over all k > 1 for which C^ CT ' k is defined in 
line B9 By the definitions in line B9 these are exactly the graphs that are added to the family 
T~Ls in the Jj-th iteration of the repeat-loop (**) in the i-th iteration of the repeat-loop (*) of the 
algorithm ComputeWeightsQ for the input sequence aoa. It follows inductively that at the end 
of the i-th iteration of the repeat-loop (+), the set of graphs (H, it) that have been added to Q a for 
the color a G [r] satisfying the termination condition in line |B26 is 



Jmax,ff 



HI 



U ny° 



= 1 



By the definition of j m ax,s hi h ne B8 these are exactly the graphs added to the family T-L a in the 
i-th iteration of the repeat-loop (*) of the algorithm ComputeWeightsQ for the input sequence 
a o a. As moreover no graphs are added to the families T~L S , s £ [r] \ {<r}, during the i-th round of 
ComputeWeightsQ with input sequence aoa, it follows inductively that throughout, the families 
G s occuring in AbstractBuild() are related to the families 7i s occurring in ComputeWeights() 
as claimed. □ 



Proof of Lemma 31. We will first argue that ABSTRACTBUILDQ is a well-defined winning strategy. 

Note that whenever a graph (H,ir) G S(F) is added to one of the families Q s , s G [r], in line |B17 
then G s (H,tt) is defined in |B16| or in line |B22 



or 



B23 



respectively, and in either case this r- 
colored graph was added to AbstractBuilder's list in line |B13| Thus throughout the strategy 
AbstractBuild(), for every s G [r] and all graphs (H,tt) G Gs, the graph G s (H,tt) is well-defined 
and exists on AbstractBuilder's list. With the termination condition in line B28| this implies in 
particular that when ABSTRACTBUILDQ terminates, AbstractBuilder's list indeed contains a graph 
containing a monochromatic copy of F. 



Next we show that whenever the construction step in line B13 is executed, all involved graphs (H s \ 
v s l, \ v s i) are in the respective families Gs a t this point, and thus the graphs G S (H S \ v s i,ir s \ v s \) 
used for the construction step are indeed on AbstractBuilder's list. It follows from the definition of 

of ComputeWeights() that for each s G [r] 
the graph (H s \ v s i, tt s \ v s i) is contained in 
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B12 



C 4J as a subset of C(H S ,F) (recall (j22J) in line 
and each (H s ,ir s ) G Cl' Ja with v(H s ) > 2 in 1 
Hs as defined in the i-th iteration of the repeat-loop (*) at the beginning of the j s -th. iteration of 
the repeat-loop (**) of ComputeWeights() for the input sequence ao s. Thus by Lemma 33 the 
graph (H s \ v s x, ir s \ v s i) is in the corresponding family G s , as claimed. 



Also note that whenever the construction step in line B13 is executed, the involved entries G S (H S \ 
v s \^s \ Vsi), s G [r], on AbstractBuilder's list are different from each other, as the corresponding 
central copies of H s \ v s \, s G [r], are all in different colors. 

Together the above arguments show that ABSTRACTBUILDQ is indeed a well-defined strategy for the 
abstract game, and it remains to bound the number of construction steps ABSTRACTBUILDQ needs 



to enforce a monochromatic copy of F. By Lemma [33] and the termination condition in line |B28 
the number of iterations of the repeat-loop 
the number of iterations of the repeat-loop i 



) until AbstractBuild() terminates is bounded by 
in Compute WeightsQ until the first of the families 



7i s , s G [r], contains the graph (F,ir) for some vertex-ordering tt G U(V(F)). The termination 
condition in line 36 and Lemma 12 therefore show that ABSTRACTBUILDQ terminates after at most 
r ■ \S(F)\ iterations of the repeat-loop (+). In each iteration i, the number of iterations of the 
repeat-loop (++) is at most ^se[r] imax,s < r • |<5(i^)|, as the values j maX)S are bounded by |5(-F)| as 



argued in the proof of Lemma [T2] on page 25 Lastly, the number of iterations of the loop in line |B 12 
is \C\' n \ ■ ■ ■ |Cr'"' r | < |<S(.F)| r , as the sets Cl' 33 are subsets of S(F). Multiplying those numbers yields 
the claimed bound on the total number of construction steps throughout the strategy. □ 
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s € [r] \ {a} 



G 




G S (H S \ v sl ,ir s \ v s i) 



FIGURE 4. Notations used in the proof of Lemma 32 



Proof of Lemma 32 . For the reader's convenience, Figure [4] illustrates the notations used throughout 
the proof. 



We prove inductively that for each construction step in line B13 in some round i of ABSTRACTBUILD0 



the following holds: Recall the notations from the algorithm, and let H' , v(H') > 1, be a subgraph 
of the newly constructed graph G such that each component of H' shares at least one vertex with 
the central copy of H„ in G. Letting J„ denote the intersection of H' with this central copy, we have 



(99) 



where here and throughout we denote for any s G [r] by ^(_f/ )7riS ) iS the weight function W(h^,s) 
computed by ComputeWeightsQ for the input sequence ao s. (Recall the definitions in (J6|, (19) 
and (23), and that during the i-th round of ABSTRACTBUILDQ, the sequence a has length i — 1.) 



For subgraphs H' C G that do not contain the new vertex v, the claim follows by induction if 



Ga{H& \ Vai,TTa \ v^i) was defined in line B16 (either in the same or in an earlier iteration of the 
repeat-loop (+)), or by induction and by Lemma 23 if G„{H^ \ v^i, t^o \ ^o-i) was defined in line B22 



(either in the same or in an earlier iteration of the repeat-loop (+)), recalling the definition (19) and 
the fact that the functions W(n-\ v - x ^-\ v - x and W[Ha,TTa,s)^ ass ig n t ne same weight to all vertices 
of different from v&i (recall (23)). 



It remains to prove (99) for subgraphs H' that contain the vertex v. Note that throughout the 



i-th iteration of the repeat-loop ( +), w henever the construction step in line B13 is executed, by the 



definition of the sets Cl ,Js (see line B9 of AbstractBuildQ and line 14 of Compute WeightsQ), 



all graphs (H s ,ir s ) £ C s used for the construction step satisfy 



de(H s ,v sl ,W( Hs ^ stS ), s ) = 4 , s£ [r] 



(100) 
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where the values d % sl s G [r], are defined in line [8] of ComputeWeightsQ with input sequence a. 
Note that these values depend only on the first i — 1 entries of a, i.e., they are the same during the 
i-th iteration of the repeat-loop (*) of ComputeWeightsQ for each input sequence a o s, s G [r]. 

For the weight assigned to the youngest vertex v&i of (H^,tt^) by ComputeWeightsQ with input 
sequence a o a, we thus obtain by combining (23) with the definitions in line 10 and 18 that 



w 



E < 

se[r]\{(T} 



{loo} 



de(H s ,v sl ,W( H3:7rstS)tS ) . 

se[r]\{a} 



;ioi) 



For each s G [r] with v(H s ) > 2 we define the graph iT^ as the intersection of H 1 with the copy of 
G S (H S \ v s i,7r s \ v s i) used for the construction of G. Furthermore, for each such s G [r] we define a 
subgraph J s C ff s with u a i G J s as follows: Let C s denote the central copy of H s \ v s i in the copy 
of G S (H S \ v s i, ir s \ v s i) used for the construction of G, and recall that the new vertex v completes 
C s to a copy of H s . Let J s C H s denote the graph that is isomorphic to the intersection of H' with 
this copy of H s , and note that H' s intersects C s in a copy of J s \ v s i- For all s G [r] with v(H s ) = 1 
(i.e., H s consists only of an isolated vertex) we define H' s as the null graph (the graph whose vertex 
set is empty) and set J s := H s . Using these definitions we obtain 



ser 



e(H')=Y J (e(H' s ) + deg Js (v sl )) 



(102a) 



(102b) 



ser 



Furthermore, for every s G [r] we have 

Vo{H' s ) > \e(J s \v sl ,w {Hgt7TstS)tS ) (103) 
(this holds trivially if v{H s ) = 1; otherwise, similarly to before, if G S (H S \ v s i,ir s \ v s i) was defined 



in line B16 then this follows by induction, whereas if G S (H S \ v s x,ir s \ v s %) was defined in line B22 



then this follows by induction and by Lemma 23). 



Combining our previous observations we obtain 



pot 



A e (Ja \ Uffi, - degj_(^i) • 9 

+ ( Ae ( Js \ v si,W( Hs ,n St s),s) ~ deg Js (u s i) • 9) +1 

^> de{H a ,v sl ,W( Hs>7rs , a ), B ) 

^e{Ja \ wsi,f(H ff ,7r ff ,5),s) - degj_(^i) • 9 + w iH -^^),c(v &x ) + 1 



completing the inductive proof of ( 99 ) 



From (99) it follows in particular that for every graph G that is added to AbstractBuilder's list 



during the i-th iteration of the repeat-loop (+), every connected subgraph H' C G containing the 
last added vertex v satisfies 

He{H')> mm \e(J,W(H,n, s ),s) (104) 

for some s G [r] and some (H,tt), tt = (v±, . . . ,Vh), from one of the sets C l ' J defined in the i-th 
iteration of COMPUTEWEIGHTSQ when called with input sequence a o s. 
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As argued in the proof of Lemma 28 (see (90a)), the right hand side of (104) equals 1 + Y2se\r] d 



for the values d\ defined by ComputeWeightsQ with input sequence a. Regardless of how the 
sequence a constructed by AbstractBuildQ evolves in further iterations of the repeat-loop (+), 
this quantity is decreasing in i by the first part of Lemma 16 Moreover, by Lemma [33] and the 



28 



termination condition in line B28, ABSTRACTBUILDQ terminates after at most l iterations, for l as 

It follows that all connected subgraphs H' with v(H') > 1 of all graphs G 



defined in Lemma 

added to AbstractBuilder's list in the course of AbstractBuildQ satisfy 

fx e (H') > 1 + <$ 

se[r) 



(105) 



where l and d\, s E [r], are defined in ComputeWeightsQ for the input sequence a constructed 
by AbstractBuildQ. 



By Lemma 28 and the definition of AgQ in (24), we thus obtain from (105) that 

MH')> A0(F,r)i/3 

for all connected subgraphs H' with v(H') > 1 of all graphs G appearing on AbstractBuilder's list. 
Due to the assumption that (3 > 0, the same statement also follows for all disconnected subgraphs 
H' C G with v(H') > 1, concluding the proof that the strategy AbstractBuild(F, r, 0) respects 
the generalized density restriction (9,(3) throughout. □ 



5. Painter in the deterministic game 

In this section we prove Proposition [7] by explicitly constructing, for F, r, 6 and (3 as in the proposi- 
tion, a Painter strategy that avoids creating a monochromatic copy of F in the deterministic game 
with r colors and generalized density restriction (6,(3). 



5.1. Painter's strategy and proof of Proposition [7[ Consider the following Painter strategy, 
which has four parameters: a graph F with at least one edge, an integer r > 2, a real number 6 > 
and a sequence a E [r] r "' 5 ^L The strategy uses the output of Algorithm 1 {ijUs, Wsj) s ^y\ : = 
ComputeWeights(.F, r, 8, a). In each step of the game, Painter picks a color as follows: Let v 
denote the vertex added in the current step, and for each s G [r], define 



[H,n)€S(F) 



assigning color s to d would create a copy of 
(H, 7r) in color s on the board 



(106) 



(Note that this requires Painter to memorize the order in which the vertices on the board arrived.) 
Calculate for each color s E [rl the value 



d(s) := min \ (H,w, H - s) ) 



(107) 



where XgQ is defined in (19), and w (h,tt,s) i s defined in (23) using H s C S(F) and w s : H s — > M 
as returned by Algorithm"]! (It is possible that d(s) = — oo for some colors s E [r].) Then select 
g E [r] as the color for which this value is maximal, and assign color a to the vertex v. 

Intuitively, the parameter \g(H,w^fj l7T ,s)) measures the 'level of danger' that the Painter strategy 
encoded by a assigns to copies of the ordered graph (H, it) in color s, where a graph is considered 
the more dangerous the smaller its AgQ-value is. Thus the definition of d(s) in (107) corresponds to 
determining the most dangerous graph in color s that would be created by assigning color s to v, 
and our strategy selects a as the color for which this most dangerous graph is least dangerous. 
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If several colors have the same maximal value of d(s), the above rule does not determine a color a 
uniquely. Such ties are broken as follows: Consider the families 

H' s = H' s (F,r,e,a) := |J C 1 ' 1 , (108) 

Oi=sA(j=lVOi/ai_i) 



s E r, where C hJ are the sets defined in line 14 of the algorithm ComputeWeights(F, r, 9, a). Note 
that these families are fixed throughout Painter's strategy. In Lemma |50| below we will show that 
ties can arise only between two different colors, and that whenever such a tie arises, then for exactly 
one of the two colors the set 

J s := argmin Xe(H,wr H;7 , )S )) (109) 

(H,n)eV s 

contains an ordered graph from the corresponding family T~L' S . Our tie-breaking rule is to then pick 
the other color, i.e., the color a E [r] for which J a contains no graph from T-L' a . (Intuitively, Painter 
considers the ordered graphs in the families H' s , s E [r], as slightly more dangerous than other 
ordered graphs with the same AgQ-value.) 

In the following we denote the Painter strategy defined above by Paint(.F, r, 8, a). Note that this 
strategy can be employed both in the deterministic two-player game and in the original probabilistic 
process. 

Remark 34. Note that the actual AgQ-values of monochromatic ordered subgraphs of F are not 
relevant in the above strategy — all that matters is the partial order on the set S{F) x [r] induced 
by the AflQ-values and our tie-breaking rule. This partial order can be extended arbitrarily to a total 
order by defining an arbitrary order among all elements of S{F) x [r] that have the same AgQ- value 
and are in one of the sets H' s , and among all elements that have the same AgQ-value and are not in 
one of the sets T~L' S . Thus the strategy Paint(.F, r, 9, a) can indeed be represented as a priority list 
of ordered monochromatic subgraphs of F, as described in Section |1.5| 



A careful analysis of the strategy PAINT(i ? , r, 9, a) will eventually yield the following key lemma. 
As its statement is purely deterministic, it is applicable to both the deterministic game and the 
probabilistic process. Note that the lemma does not assume any density restrictions for the evolving 
board. 

Lemma 35 (Witness graph invariant). For F, r, 9, and a as specified in Algorithm^ there is a 
constant i> max = v ma , x (F, r, 9, a) such that if Painter plays according to the strategy PAINT(i ? , r, 9, a) 
then the following invariant is maintained throughout: 
The board contains a graph K' with v(K') < f max an d 

flg(K') < , (110) 

or for every s G [r] and every (H, tt) E S(F) we have that every copy of (H, tt) in color s on the 
board is contained in a graph H' with v(H') < v max and 

M(H') < \ e (H,w {H ^ s) ) , (111) 

where fJ,e(), A#(), and Wrjj n ^ are defined in (19), and (23) (using Ti s C S(F) and w s : 7-L s 



as returned by AlgorithmYHI , respectively 



Remark 36. As we shall see shortly, the statement that the size of the graphs K' and H' in Lemma 35 
is bounded by some constant v m3iX = v max (F, r, 9, a) is not needed to prove Proposition [7] However, 
it will be crucial for proving the lower bound part of Theorem [4] in Section 6.1 below (recall the 



remarks in Section 2.2 and Section 2.3). In fact, the proof of the existence of the bound v mSLX relies 



primarily on our tie-breaking rule described above; a version of Lemma 35 without a bound on the 
size of the graphs K' and H' (which suffices to infer Proposition [7]) can also be proven if ties are 
broken arbitrarily. In this case the proof of Lemma 35 can be simplified considerably; in particular, 
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Lemma 47 Lemma 48 Lemma 50 and the second part of Lemma 51 below are not needed. The 
reader might want to skip those parts on his first read-through, or if he is only interested in the 
deterministic game. 

With Lemma 35 in hand, the proof of Proposition [7] is straightforward. 

Proof of Proposition^ Let a E [r] r 'l-S(-F)l be a sequence for which the minimum in the definition of 



h-Q{F,r) in (J24J) is attained. By the definition in (24), for all colors s E [r] and all vertex orderings 
7r E H(V(F)) there is a subgraph H C F with 



) < 



:n2) 



Suppose now that Painter plays according to the strategy Paint(.F, r, 9, a) and that for some it E 
TL(V(F)) a copy of (F,ir) in some color s E [r] appears on the board. Choose H C F such that 
(112) holds. Then, by Lemma 35, the board contains a graph K' with 

Ho(K') Vo < p , 

or the copy of (H, tt\h) m color s that is contained in the copy of (F, n) is contained in a graph H' 
with 

None of the two cases can occur if Builder adheres to the generalized density restriction (9,f3), and 
consequently Painter can avoid creating a monochromatic copy of F in the deterministic F-avoidance 
game with r colors and generalized density restriction (6, (3) by playing according to the strategy 
Paint (F, r, 8, a). □ 



The rest of this section is devoted to proving Lemma 35 To do so we will need a number of 
technical lemmas. Throughout the following, F, r, 9 and a are fixed, and we usually omit these 
arguments when we refer to Compute Weights(F, r, 9, a) or Paint(F, r, 9, a). We let U s C S(F) 
and w s : T~L S — > R denote the return values of ComputeWeightsQ, and W(h^,s) t ne weight function 
defined in (23) with respect to these return values. 



5.2. A geometric viewpoint. We begin by relating the strategy PAINT0 and many of the quan- 
tities defined in previous parts of this paper to a simple geometric object. This geometric viewpoint 
will be a key ingredient in our proof of Lemma [35] 

Definition 37 (Axis-parallel decreasing walk). We say that (x u )i< v <k, x u E W, is a decreasing 
axis-parallel walk in W r if for any two subsequent elements x v and x^+i there is a coordinate s E [r] 
such that x u+ i <s < x u ^ s and x v+ \^ = x u j for all t E [r] \ {s}. 

The following lemma is an immediate consequence of this definition. 

Lemma 38 (Order on the walk). Let (x^)i< l/ </ C7 x v E W, be a decreasing axis-parallel walk in W. 
For any two elements x^, x u we have 1 + X^efr] Xv < t — 1 + SteW an< ^ on ^ x v,t — x ^,t f or 

all t E [r] . 

We can think of the points {x v )i< u <_k of a decreasing axis-parallel walk as lying on a sequence of 
consecutive axis-parallel line segments. For technical reasons we also specify a direction a E [r] in 
which, intuitively, the walk continues beyond the point x^. Moreover, we sometimes allow the last 
segment of this walk to degenerate into the single point X\~. This is made precise in the following 
definition. 
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Definition 39 (Extended walk, turning point, starting point /en dpoint, segment, order). Given 
some decreasing axis-parallel walk (x u )i< u <k, x v G M r , and some a G [r], we say that the pair 
\ipv)i<v<ki oj is an extended decreasing axis-parallel walk in W. We refer to a point x v , 2 < v < 
k — 1, on this extended walk as a turning point if the coordinate in which x v differs from x v —\ is 
different from the coordinate in which x u differs from x v +\. We also define x\ to be a turning point. 
Moreover, x^ is a turning point if and only if the coordinate in which xt differs from Xk-i is different 
from a. 

Given two consecutive turning points x^ and x u , [i < v, that differ in some coordinate s£ [r], we 
refer to the line segment that connects them as an s-segment, and we call x^ the starting point and 
x u the endpoint of this segment. Furthermore, we refer to the line segment that connects the last 
turning point x^ to the last point x^ of the walk as a cr-segment (if fi = k, this segment degenerates 
to a single point Xk). We call x^ the starting point and x^ the endpoint of this segment. 

For two points x^ and x u , we say that x^ is higher on the walk than x v (or equivalently, x v is lower 
on the walk than Xu) if \i < v. We extend this notion to segments on the extended walk by saying 
that an s-segment V is higher on the walk than an s'-segment V (or equivalently, V is lower than 
r) if the starting point of T is higher on the walk than the starting point of V . 



Note that according to Lemma 16 the points (d\, . . . , d\ ), % > 1, form a decreasing axis-parallel 
walk in W . In the following we define, for every s G [r] and every (H, tt) G H s , a point x^h^^s) £ ^ r 
on one of the line segments of this walk. 

Let d l sl s G [r], denote the values defined in line [1] of the algorithm ComputeWeight sQ, and C 1 ^ 



and C l 'i' k the sets defined in line 14 or line [24] and [32j respectively. Recall from Section 3.3 that for 
each s G [r], the sets C l, i and C iJ,fe for which aj = s form a partition of the family T~L S . 

Definition 40 (a>points). For every s G [r] and every graph (H,ir) G 7-L s , vr = (f i, . . . , v^), we 
define a point X(# j7I - jS ) G M r as follows: 

(a) If (H,tt) G C 1 '- 7 for some i,j > 1 with a« = s, then we define 

B^TM) : = (^.•••X-nrfe^^l^CH.Tr.s)) =4>4+H--->4) • ( 113a ) 

(b) If (i7, 7r) G C* J ' fc for some i, j, k > 1 with = s, then we define 

*^(-ff,7r,s) : = {^■■■,(f s -u d e{ H ^ v U w {H^,8)),d t s+1 ,...,d l r ) £l r , (113b) 



where i is the value defined either in line |28| or in line 30 for this (H, it). 



The fact that dg(H,vi,W(H j7TtS }) = d\ in part (a) of the previous definition follows directly from the 



definition in line 14 of the algorithm ComputeWeightsQ. 

The following lemma states that the points X(h^,s) defined above indeed form an (extended) de- 
creasing axis-parallel walk. We point out that the order in which the points X(// j7r s ) appear on this 
walk is not necessarily the order in which the corresponding graphs (H, n) are added to the families 
Us in the course of the algorithm COMPUTE WeightsQ. To be more precise, such a statement is 
true for the graphs that are added via one of the sets C l ' J , but not for the graphs that are added via 
one of the sets C % ^ )k . 

Of particular importance are the points X(u^,s) f° r the graphs (H, tt) G T-L' s , where H'g C T-L s are the 
families defined in ( 108[ ) for our tie-breaking rule. As it turns out, those points are always turning 



points of the walk. Figure [5] illustrates Definition 40 and the different statements of Lemma [44 



Lemma 41 (Walk formed by x-points). Let i max denote the total number of iterations of the repeat- 
loop (*) of Compute Weights(). The elements in the set {x^ H n ^ \ s G [r] A (H,ir) G U s } can be 
ordered to form a decreasing axis-parallel walk W = W(F, r, 6, a) in W such that the extended walk 
W = W(-F, r, 6, a) := (W, aj max ) satisfies the following properties: 
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Color 2 



n 2 < 



C(H 2 ,F) <^ 



d\ ~ 4 — 4 



W = W(F,r,6,a) 

< O X {H^V 



4 = 4 



3=8 




1 1 

■o 



3=8 



• • H' s ,se {1,2} 
OO H s \H' s ,se {1,2} 



a = (l,l,2,l,2,...,2,l,...) 



Ui=S{F) 



d l Color 1 



FIGURE 5. Illustration of Definition |40| and Lemma |4~T] The figure shows how certain 
variables of the algorithm ComputeWeights(.F, r, 6, a) might evolve for some graph 
F, some value of 6, r = 2 and a = (1, 1, 2, 1, 2, . . . , 2, 1, . . .) (where the algorithm 
terminates in the round corresponding to the last 1-entry shown). For any graph 
(H, 7r) G Us, s £ {1,2}, a bullet shows the location of the point xrjj^ iS \, and the arrow 
attached to the bullet points along the s-axis. One bullet may represent multiple 
points at the same location if the corresponding graphs are of the same type (see 
legend). If graphs with the same associated point are of different type, then the 
bullets are drawn directly adjacent to each other (instead of on top of each other) to 
maintain readability. 



(i) For any s € [r] and any graph (H,tt) E T~L s , the point x^^^ is contained in an s- segment. 

(ii) For any s-segment V, there is a graph (H, it) € % s such that x^h^,s) * s the starting point ofT. 
(Hi) For any s-segment V, if x^^^, it = (v±, . . . , is the starting point ofT, then there is some 

J C H with vi € J such that X(j j7r | j S ) = ^(// j7r)S ) and (J, tt\j) S %' s . 

(iv) For any s-segment V, if x^h^^ GT is not the starting point of T, then (H,ir) ^ T-L' s . 

(v) The lowest segment ofW is an ai max -segment and 7~l ai = S(F). 



Proof. By the first part of Lemma 16 the sequence W := (W )i<j<i max , W := (d\, . . . ,d l r ), is a 

i i+1 

decreasing axis-parallel walk with the property that W and W differ exactly in the coordinate 
Qj. We first show that the set 

{ x (H,n,s) \ s £ [r] A (H,ir) £ C 1,3 for some i,j > 1 with «j = s} (H4) 
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coincides exactly with the set of elements of this walk, and that the extended walk W := (W, «i max ) 
satisfies the properties of the lemma. In the second part of the proof we argue that for any s G [r] 
and any graph (H,tt) G C^' for some i,j,k > 1 with = s, the point x^ n >s ) lies on one of the 
segments of W, and that the subdivided walk obtained by inserting all those points into the walk 
W still satisfies the claimed properties. 

First note that on the extended walk W, every point W , 1 < i < i max , is contained in an ctj-segment. 

For any s G [r], any i,j> 1 with Qj = s and any graph (H,tt) G C l,J , by the definition in (113a 
have 



we 



x (h,tt,s) = (<*!>•• ->4) = ^ l 



(115) 



(independently of j). Thus property (i) is satisfied for the elements in the set (114) and the walk 

w. 

Recall that for each 1 < i < i max the set C*' 1 is nonempty (see the definitions in line [8] and line 14), 
implying that there is a graph (H,tt) G C*' 1 which for s := oti satisfies x^^^-j = W % , proving in 
particular property (ii) for the walk W. 

To prove properties (iii) and (iv), we fix some s G [r], some i, j > 1 with aj = s and some graph 
(H,tt) G C 4 '-', 7r = . . . ,Vh)- Let r denote the s-segment of W containing the point Xrjj vs y We 
distinguish two cases depending on whether xrjj^ jS \ is the starting point of T or not. Note that by 

the first part of Lemma 16 xih,<k,s) = W % is the starting point of T if and only if i = 1 or a» ^ Q!j_i. 

We first consider the case that xtjj^ a ) ls the starting point of T, i.e., we have 

i = 1 or aj . 



(116) 



If j = 
Lemma 



1, then by (108) and (116) we have (H, tt) G If j > 1, then by the second part of 

we have dg^HjVijWrjj^^) = d l s ) there is a 
By the definition in line 



17 



14 



(recall that by the definition in line 
subgraph J C H with v\ G J for which (J,ir\j) is contained in C s (d 
we have C s (c^) = implying that (J,tt\j) G C 1 ' 1 and 
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^(J^Ij^) — x (H,w,s) 



Furthermore, using (116) it follows from the definition in (108) that (J, ir\j) G H' s , proving that 
property (iii) holds for the walk W. 

If on the other hand X(^ j7r s ) is not the starting point of T, i.e., i > 1 and «j = c^-i, then by the 
definition in (108) we have (H,n) £ H' s) proving property (iv) for the walk W. 

Note that by the definition of W, the lowest segment of this walk is indeed an aj max -segment. By 
the termination condition in line 36 and the observation that during the z-th iteration of the repeat- 
loop (*), none of the families H s , s G [r] \ {aj}, is modified, we have Hon = Together this 
proves property (v) for the walk W. 

To complete the proof of the lemma we fix some s G [r], some i,j,k > 1 with = s and some 
graph (H,tt) G C*'- J ' fc , 7r = (v\, . . . ,Vh), and show that the point xtjj^,s) nes on some s-segment of 
the walk W (possibly in between two points W l and W %+1 ), and that by including all such points 
x (H,tv,s) m t° t ne walk W we obtain a subdivided walk W that still satisfies the claimed properties 
(note that beside (i) we only need to verify that properties (iii) and (iv) are maintained). 

Note that by the definitions in line 28 and line 30 we have oti = oti = s for £ as in part (b) of 
Definition 



40 



Using this relation, the definition in (113b), and Lemma 

lies on the s-segment T that contains W % and W 
satisfies property (i). 



7?+l 
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we obtain that x 



on the walk W, showing that the walk W 
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By the strict inequality in (26a), X(H^ tS \ can not be the starting point of T if i was defined in line 28 
Moreover, by (26b) the point £(# i7r . s ) is the starting point of T if and only if 



(117) 



and 



i=l or a- t 7^ ctj_i . (118) 
In this case, by the condition in line 27 there is a subgraph J C H with v\ G J such that (J, 7r| j) is 



contained in C s (dg(H,vi,w^,TT,s)))- Using (117) and the definition in line 16 shows that (J, ir\j) G 
C*> , implying that 



(MD/ji x JTi3bJi,i[TT7ji 

^(J.TrU.s) - • • • A) ^(tf,7r,s) 



Furthermore, using (118) it follows from the definition in (108) that (J, 7r|j) G H' s , proving that 



property (iii) holds for the walk W 

As none of the graphs in the sets C l 'i' k with aj = s is contained in %' s (recall ( 108[ )), the walk W 
trivially satisfies property (iv). This completes the proof. 



□ 



5.3. Relation of the walk to other quantities. In the following lemmas we establish several 



relations between the walk W defined in Lemma 41 the parameters dg() and W(H j7riS ) used in the 



algorithm ComputeWeightsQ, and the parameter Xg() and the families H' s used in the definition 
of the strategy PAINT0. We will see that for the ordered monochromatic subgraphs of F that are 
relevant for the strategy PAINT0, the order of the corresponding appoints on the walk W coincides 
with the ordering given by the AgQ-values — the lower on the walk the point £(# jVr)S ) appears, the 
lower the value X(H,w^ l7T ,s))i i- e -> t ne more dangerous a copy of (H,tt) in color s is considered (see 
Lemma 45 below). 



Lemma 42 (c^Q-value and weight from x-point). For any s G [r] and any graph (H,ir) G T~L S , 
7T = (vi, . . . , Vh), we have 

dg(H,Vi,W( H ^^) = X( Ht%jS ) jS 

and 

W(H,n,s)(vi) = X (H,n,s),t ■ (H9) 

te[r]\{s} 



Proof. The first part of the lemma is an immediate consequence of the definition in (113). 



definitions in line 10 and line [18 



For any s G [r] and any graph (H, ir) G % s as m part (a) of Definition 40 we obtain, using the 

(120) 



d23l 



te[r]\{*} te[r]\{s} 



For any s G [r] and any graph (H, ir) G H s as in part (b) of Definition 40 we obtain, using the 



definitions in line 10 and line pi 



W(H,n,s){vi)-W s {H,7r)=W= ^ d t^ }^ X (H,-K,s),t 

te[r]\{a} t&[r]\{s} 



Together (120) and (121) prove the second part of the lemma. 



□ 



For the next lemma, recall the definition of C(H, F) in (22). 
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Lemma 43 (Graphs in C(7i s ,F) have smallest e^Q-value). Let a G [r] and (H,ir) G rl a , ir 
(v±, . . . , Vh), and let s G [r] and (J, r) G C{ri s , F), r = (iti, . . . , u c ). 
If s = a, then we have 



If s ^ a, then we have 



de(J,ux,W( JjTtS )) <x{ H ^,<T) >a ■ 



Proof. Let i max denote the total number of iterations of the repeat-loop (*) in ComputeWeightsQ. 
First suppose that s — c Denoting by % the largest index z imax 

for which «j = a, the first 

part of Lemma 16 and the definitions in line 14 and line 23 show that dg(H,vi,w^,Tr,a)) > d l a . 



By the termination condition in line 35 we also have dg(J,Ux,w 



< d\. We thus obtain 



dg(J,Ui,Wtj iTiCT \) < dg(H,Vi,wrjj^ !(T \).^ny the definition in (113) the right hand side of this last 
inequality equals x^^^^, proving the first part of the lemma. 



Now suppose that s ^ a. By the definition in (113) we have 



x 



(H,-rr,a),s 



d' 



122 



for some 1 < i < i max - By the termination condition in line 36 and the observation that during the 
i-th iteration of the repeat-loop (*), none of the families fit, t £ [r]\ {a^}, is modified, we must have 
Oj max s, as we would have T~L S = S(F) otherwise, implying that C(fi s , F) would be empty. So let 
% be the largest index % < i max — 1 for which ol% = s. By the definition in line [8] we have 

do(J,ux,W(j, TtS )) < d l s +1 . 



Using the first part of Lemma 16 twice we obtain 



d 



(f s max and 4 max < d\ , 



which together with (122) and (123) yields the second part of the lemma. 



(123) 



□ 



Lemma 44 (Relation between A#()-value and x-point). Let s G [r]. For any graph (H,ir) G rl s , 
7T = («!,..., Vh), we have 

\g(H,W( H>7r ^) > 1 + ^ X (H,n,s),t ■ 

te[r] 

Moreover, there is a subgraph J C H with v\ G J satisfying 

te[r] te[r] 

Proof. We clearly have 

\e(H,W( H ^, s ))- 2^ (1 + W( Htn)8 )(u)) -e(H) • ^l + w(ff, v )(ui) + d 6 (H,vi,W( H ^ >s )) ■ ( 124 ) 
ueH 



By Lemma 42 the right hand side of (124) equals 1 + X)teH x { H ^< s )t' P rovm § the first part of the 
lemma. 



Now consider a graph J from the family 



argmin ( V (l + w {H s) (u)) - e(J) • 9 

_ UgJ\lll 



(125) 
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Using the definition of dg() in ( |18[ ) we obtain 



181,1125 



d (J, Vl,W(H,7r, S )) 



Furthermore, Lemma 24 yields that 

^(J3-,7r,s)(«) = w (J, 7r |~s)( n ) for all u G J . 



(126) 



(127) 



Recall from the first part of the proof that the right hand side of (124) equals 1 + X^tgfr] X (H,-K,s),t- 
Applying (126), (127) and Lemma 42 shows that the right hand side of (124) also equals 1 + 
^2te[r] x (jn\~s) f Furthermore, applying the first equality in (126), (127) and the definition of A#() 

in (19) shows that the right hand side of (124) equals Xg( J, , _ g s), completing the proof of the 
second part of the lemma. □ 

We say that a family T> of ordered graphs is closed under taking subgraphs that contain the youngest 
vertex if for any (H, n) G T>, tt = (vx, . . . , t^), we have that for every J C H with v\ G J the ordered 
graph (J,ir\j) is also contained in T>. 



Note that the families T> s , s G [r], used by the strategy PAINT () and defined in (106) are nonempty 
and closed under taking subgraphs that contain the youngest vertex. 

Lemma 45 (x-point of AeQ-minimizing graphs). Let s G [r] and D s C % s a nonempty family of 
ordered graphs that is closed under taking subgraphs that contain the youngest vertex. For any graph 
(J, r) from the family 

argmin \ e (H,w, H ^ s )) 

we have 

te[r] 



Proof. The claim follows immediately from Lemma 44 using the closure property of the family T> s 
and the choice of ( J, r). □ 

Lemma 46 (dgQ-value of AflQ-minimizing graphs). Let s G [r] and let T> s C T-L s U C(1~L S , F) be a 
nonempty family of ordered graphs that is closed under taking subgraphs that contain the youngest 
vertex. Furthermore, let (J,t), t = (ui, . . . ,u c ), be an inclusion-minimal graph from the family 

argmin Xe{H,wr HtW ^) . 

(H,tt)£V s 



Then we have 



A 9 (J\ui,w ( j )TiS) ) - degj(ui) • 9 = d e (J,u u W( JiTtS) ) . 



(128) 



Proof. We distinguish two cases depending on whether (J, r) G T> s C % s U C(T~L S , F) is contained in 
U s or in C{H S ,F). 

If (J, r) G Us, then by Lemma [45] we have 

M J, w (J,r, s )) = 1 + ^2 x {J,T,s),t ■ (129) 
teH 



Rewriting the left hand side of ( 129 ) according to ( 20 ) and the right hand side according to Lemma 42 
yields the desired equality (128). 
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We now consider the case (J, r) G C(1~L S ,F) (in this case we have \g( J, vurj tTtS -\) = — oo by Lemma 15 ). 
We clearly have 



\e(J\ux,W(j, T ,a)) ~ degj(ni) • 0^ ^ (l + w (i7jT)S )(u)) - e(J) • 9^>d 6 (J, ui, W(j, T ,s)) , (130) 

MS J\«l 



(18) 



and it remains to show that this inequality is in fact an equality. If the last inequality in (130) 
were strict, then, as in the proof of Lemma 44 (cf. (125), (126) and (127)), there would be a proper 
subgraph J C J with U\ G J satisfying 



d e {J,ui,W(j^ s) ) = de{J,ui,w^j T ^ s) ) 



:i3i} 



As (J,t) G C{% s ,F) we have (J\ui,r\iti) G which by Lemma 22 implies that (J\u±, t\ i ) G 
% s as well. Hence (J, r| y) must be in Ji s U C{T~i s , F). Using (131 ) and the first part of Lemma 



43 



shows that (J,t\j) must be contained in C(J-i s ,F). But then we have X$(J, w,j T , x) = — oo by 

Lemma 15 a contradiction to the inclusion-minimality of (J, t) (here we used again the closure 

he 
□ 



property of the family T> s ). Therefore the last inequality in (130) holds with equality, proving the 
lemma also in this case. 



Lemma 47 (Ae()-minimizing graphs in T-L'g). Let s G [r] and let T> s C 7-L s be a nonempty family of 
ordered graphs that is closed under taking subgraphs that contain the youngest vertex. Furthermore, 
let (J, t) be an inclusion-minimal graph from the family 

arg min X e (H,wr H% 8 \) 

(H,tt)&V s 

and suppose that xij^ s \ is the starting point of some s-segment of the walk W defined in Lemma 
Then (J, r) is contained in %' s . 
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Proof. By Lemma 45 we have 



^e(J,W(j, T ,s)) = 1 + 2^ x (J,r,s),t 
te[r] 



(132) 



Let u\ denote the youngest vertex of (J, r) and let J C J be any proper subgraph of J with u\ G J. 
By Lemma 44 there is a subgraph J C J with u\ G J satisfying 



^(^(^if,,)) = 1 + Y1 



X (J,r\j,s),t 



(133) 



ter] 



By the inclusion-minimal choice of (J,t), (133) must be strictly larger than (132), i.e., we have 

1 + Yl X (J,T,S)-I 

te[r] 

in particular 



< L + X (J,r\j,s),t 
te\r] 



X (J,T,S) T X (J tT \j,s) ■ 



Using this observation together with the assumption that Xrj^ s \ is the starting point of some s- 
segment of W, it follows from property (iii) in Lemma |4l"| that (J, t) must be contained in H' s . □ 

Lemma 48 (x-points of graphs from T~L' S on the walk). Let s G [r] and (J, r) G %' s , r = (ui, . . . , u c ). 
Moreover, let 1 < b < c — 1 and define (J~ b , T~ b ) := (J \ {u\, . . . , v,b}, t \ {ui, . . . , Ub}). 
Then X(j iTjS ) is lower than xrj-b T -b >a -\ on the walk W defined in Lemma 41 and both points are 
contained in different s-segments of this walk. 
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Proof. By the definition of H' s in (108) we have (J, r) G C*' 1 for some i > 1 with Oj = s, i.e., (J, r) 
was added to the family T~L S in the first iteration of the repeat-loop (**) in the i-th iteration of the 



repeat-loop (*) of ComputeWeightsQ. By the definition in (113a) we have 



: (J,t,s),s = <k(J,ui,W(j iTt8 )) = d\ 



(134) 



By Lemma 



22 



was added to the family % s either before the graph (J, r) or 



the graph ( J - , r 
together with it. But as (J~ b ,T~ 
follows from the definition in line 

beginning of the i-th iteration of the repeat-loop (*). Applying Lemma 18 yields 



14 



is a predecessor of (J, r) in the tree T(F) defined after (21), it 
that ( J~ b , T~ b ) must have already been contained in % s at the 



~{J- 



- b , s ),s — «ew 



,U b+ i,W(j-b >T -b >s ^ 



> d\ 



(135) 



Combining (134) and (135) shows that X(j )TiS ) is lower than Xfj-b >T - 6 >s ) on the walk W. As by the 
assumption (J, r) G %g and property (iv) from Lemma 41 the point £(j jTjS ) is the starting point of 
an s-segment of W, this implies that both points must be contained in different s-segments of this 
walk. □ 



5.4. Analysis of PAINT (). We are now in a position to actually analyze our Painter strategy 
PaintQ. Recall from Section 5.1 that the parameter d(s) defined in (107) might be equal to — oo for 
some colors s G [r] (intuitively, Painter considers such a color extremely dangerous). The following 
lemma shows that PAINT0 never chooses such a color. 

Lemma 49 (Painter strategy creates only graphs from H s ). Consider a fixed step of the game, and 
let the families D s C S(F), s G [r], and the values d(s) £ lU {— oo} be defined as in (106) and 
(107), respectively. For any a G argmax sg u d(s) the value d(a) is finite and we have T> a C r H. a . 



Consequently, playing according to the strategy PaintQ throughout ensures that for all s G [r] we 
always have T> s C H s \jC(7i s ,F) (even if ties are broken arbitrarily). 



Proof. By the definition in (107) and Lemma 15 the value d(s) is finite if and only if T> s C T~L S . By 
the termination condition in line 36 there is some color s G [r] for which % s = S(F). For this color 
we therefore have T> s C % s , implying that the corresponding value d(s) is finite. This shows that 
for any a G argmax sg [ r j d(s), the value d(o~) is finite and therefore T> a C 'H a , proving the first part 
of the lemma. The second part follows inductively by observing that the strategy PaintQ in each 
step picks a color a G argmax sg [ r ] d(s) (regardless of the tie-breaking rule), showing that in this 
step only graphs from the family T> a C 7-L a in color a are created on the board. □ 

The following lemma shows that the tie-breaking rule of the strategy PaintQ, which uses the families 



W s and J s defined in (108) and (109), is indeed well-defined. 



Lemma 50 (Well-definedness of Painter strategy). Ties in the strategy PAINT0 can arise only 
between two different colors, and if they arise then for exactly one of the two colors (say a) we have 
J a n T-L' a = 0, and for the other color (say s) we have J s Pi T-L' s ^ 0. (Thus the tie-breaking rule will 
decide for color a.) 

If such a tie arises, the walk W defined in Lemma\4l\ contains a a-segment V whose endpoint x G M r 
is also the starting point of an s-segment V' , and for any (J a ,T a ) G J a and any (J s ,r s ) G J s we 
have X(j ctiTcti(T ) = x ( j siTsiS) = x. 



Proof. Recall that the families T> s , s G [r], defined in (106) are nonempty and closed under taking 
subgraphs that contain the youngest vertex. Fix some color a G [r] such that 



d{s) < d(a) , se[r}\ {a} , 



(136) 
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for the values d(s), s G [r], defined in (107). The tie-breaking rule of the strategy PaintQ is only 
considered if the inequality in (136) is tight for some color different from a. We fix such a color 
s £ [r] \ {a} for which 

d(s) = d{a) . (137) 



The first part of Lemma [49| yields with ( 136| ) and (137) that T> s C % s and T> a C % a (and that d(s) 
and d{a) are finite values). Thus by the definition in (109) we also have J s C % s and J a C H a - Fix 



some (J s ,t s ) G i7 s and some ( «/„-, t ct ) € ^o-. By the definition in (109) and Lemma 45 we have 

1 + *(J.,T.,«),t 



Ae(J s ,-w(j s , Ts , s )) 



and 



A (J CT , W(j CTiTct , ct )) 



ter] 



te[r] 



(138) 



Furthermore, using (137) and the definitions in (107) and (109) shows that 



Combining (138) and (139) we obtain 

» + E 



Note that the points £(j siTsiS ) 



Lemma 



3>s 



1 + Yl X (Js,r a ,s),t 
te[r] 

and 



x 



(Jcr,T a ,Cr),t 



(139) 



(140) 



ter 



the relation (jl40h implies that x 



are elements of the walk W defined in Lemma 



41 



By 



"(Js,T 3 ,s) 



"(J a ,Tv,Cr)) 



i.e., the graphs (J s ,t s ) and (77^,7"^ 
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(and all ot 

property (i) in Lemma 
implying that X(j a , ra , s ) 

of the next lower segment. As on the walk W, only pairs of consecutive segments have a point in 



ler graphs in the families J s and J a ) have the same associated point on the walk W. By 
x (J s ,T S ,s) i s contained in an s-segment and Xcj„ t„,<t) m a o"-segment of W, 
x Ua,Tv,<j) must be the endpoint of some segment and the starting point 



common, this shows that the inequality (136) can be tight for at most one color different from a, 



proving that ties can arise only between two different colors. 

Assume w.l.o.g. that for all (J a ,T a ) G Sa, the point Xfj a}Tcr)0 --\ is the endpoint of some cr-segment V 
and for all (J s ,t s ) G J s the point X(j sjT - sjS ) is the starting point of the next lower s-segment T' . By 
property (iv) from Lemma 41 we have J a fl %' a = 0, and by Lemma 47 we have J s Pi H' s ^ 



This 



proves the first part of the lemma and shows that our tie-breaking rule is well-defined. 

Note that the segment T is higher on the walk W than V, and that the tie-breaking rule decides for 
the color a corresponding to the higher of the two segments. Together with our previous observations 
about the location of the points £(j CT)T(T ,o-) for all (J,j,T a ) G J a and £(j ajTsiS ) for all (J s ,t s ) G J s this 
proves the second part of the lemma. □ 



The following lemma will be the key to proving Lemma 35 our main strategy invariant based on 
witness graphs. 

Lemma 51 (Painter strategy ensures sufficient weight). There is a constant e = e(F,r,6,a) > 
such that the following holds: Let a G [r] denote the color selected by the strategy PaintQ in a 
certain step of the game given the families T> s , s G [r], defined in (106). For every s G [r] \ {cr}, let 
( J s ,t s ) be an inclusion-minimal graph from the family 



J s arg min X e (H, wm^s) ) , 
(H,7v)ev s 

and let u s i denote the youngest vertex of (J S ,T S ). 

Then for any graph (H, ir) G T> a , tt = (yi, . . . , Vh), we have 

Y { x e(Js\u sl ,w {JstTstS) ) - deg Js (n s i)) < w^^vx) 

se[r]\{a} 



If the inequality (141) is strict, then the difference between the right and left hand side is at least e. 
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If on the other hand the inequality (141) is tight, then for every s £ [r] \ {cr} we have (J s ,t s ) £ 
T-L' s U C(T~L S , F). Moreover, denoting by W the walk defined in Lemma 41 and by T the a-segment 
containing £(# i7r)(J ) on this walk, we have the following: if(J s ,T s ) 6 T~L' S , then X(j sjTsjS ) is the starting 
point of the next s-segment on W that is lower than T, whereas if (J s ,t s ) £ C(H S , F), then there is 
no s-segment on W lower than T. 

Proof. Let 

e = e(F,r,6,a) := min{ \de(H, v x , W(h,it,s)) ~ de(J, u u iW(j,t, s ))| | s £ [r] A 
(H,tt= (v u ...,v h )),(J,T = («i,..., «c)) en s UC(U s ,F) A 

de{H,v ly vj( H> n iS )) / d0(J,ui,W( JiT}S )) } > (142) 

(recall that for all s G [r] the d^O-value of all graphs in T~L S UC("H S , F) is a finite real number). Note 
that in the boundary case that for all s £ [r] and all (H, tt) £ T~L S U C{% s , F), ir = . . . , Vh), the 
value dg(H,vi,W(H jWjS -)) is the same (i.e., the walk W defined in Lemma 41 degenerates to a single 
point), the minimum in (142) is over an empty set. We will see that in this case the inequality (141) 
is never strict. Therefore we may set e to an arbitrary positive constant in this case, e := 1, say. 

Recall that the families T> s , s £ [r], are nonempty and closed under taking subgraphs that contain 
the youngest vertex. By the second part of Lemma 49 we have T> s C H s U Ci^H s , F) for all s £ [r]. 



We first prove that (141) holds. By the definition of the strategy, the selected color a £ [r] satisfies 

d(s) < d{a) , s£[r}\ {a} (143) 



for the values d(s), s £ [r], defined in (107). Let {J a ,T a ) be an arbitrary graph from the family 



argmin Xe(H,w/ H ^ >a \) . 

{H,Tv)£V a 



By the definition in (107) and the choice of (J s ,t s ), s £ [r], we have 

\e{Js,w iJ3tT3jS) ) = d(s) , s£[r] . 



Combining (143) and (144) yields 



^e(Js,w {JsiT ^ s) ) < A (J CT! u;(j CT)TffiCT )) , s£[r]\ {a} 



(144) 



(145) 



By (143) and the first part of Lemma 49 we have T> a C We fix some graph (H,ir) £ T> a , 

7T 



(v\, . . . , Vh)- By Lemma 44 there is a subgraph J C H with v\ £ J satisfying 



M^(j^u, CT )) 



1 + 



^2 X (H,7r,a),t 

teM 



By the closure property of the family T> a and the choice of (J a ,T a ) we have 



By Lemma 45 we have for every s £ [r] \ {a} for which ( J s , t s ) is contained in 7~L S that 

M J s,^(J s ,T s ,s)) = 1 + x (Js,ts,s) ■ 
te[r] 

For those s £ [r] \ {<r} we thus obtain 
Jl48 



te[r] te[r] 



(146) 



(147) 



(148) 



(149) 
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Note that if (J s ,t s ) G 7-L s , then Xrj s ^ Ts ^ s \ is an element of the walk W defined in Lemma |4l| (the 
point xijj^,g) is clearly also an element of this walk as T> a C T-L a ). Using (149) and Lemma 1381 yields 
that for every s£ [r] \ {a} for which (J s ,t s ) is contained in T~L S we have 



X(j s , Ts ,s),t < x (H,n,a),t for all t G [r] , 



from which we conclude using 



that 



(Js,t 3 ,s),s ~ dg(J s ,U s i,W {Js!TsjS) ) 



de(J s ,u s i,W( JsjTstS )) < a?(if )7riCT ), s 



(150) 



:i5i 



(152) 



For all s G [r] \ {c} for which (J s ,r s ) is not contained in % s but in C(H S ,F), the relation (152) 
follows from the second part of Lemma [43) 



Combining our previous observations and applying Lemma H2l and Lemma 46 we thus obtain 



{MJs\usi,W(j SjTsiS) ) - degj^Usi)) 1 ^ ^2 d e (J s ,u sl ,w {Ja:TatS) ) 

sG[r}\{a} sG[r]\{a} 

»6[r]\{<r} 



proving ( 141 ). 



If the inequality (153) is strict, then by (152) we have 



de{J s ,u sl ,w { j S)TstS) ) < X( H ^,a),s for some s G [r] \ {a} . 



(154) 



By the definition in (113) and the definition in line|8j the right hand side of ( 154[ ) equals dg( J, ui,w^j^^) 
for some (J, f) G T-L S L)C(T-L S , F), where ui denotes the youngest vertex of (J, f ). With the definition 
in ( 142[ ) it follows that the difference between the right and left hand side of (154) and therefore 
also the difference between the right and left hand side of (153) is at least e. 



If the inequality in (153) is tight, then by (152) we have 



dg(J s ,u s i,w {JsiTsiS )) = x {Hj7T:a)jS for all s G [r] \ {a} . (155) 

Let r denote the u-segment on the walk W that contains the point x^^ ^ . We fix some s G [r] \ {a} 
and distinguish the cases whether (J s ,t s ) is contained in % s or in C(H S ,F). 

We first consider the case that (J s ,t s ) G T~L s - We claim that the s-segment T' on the walk W 
that contains the point £(j SjTajS ) is lower on the walk W than T: This is trivially true if one of the 
inequalities in (150) is strict. If on the other hand (150) holds with equality for all t G [r], then also 
all inequalities in (149) are tight, from which we conclude using (144) that d(s) = d(a), i.e., we have 
a tie between the colors s and a. In this case, by the second part of Lemma [50j our tie-breaking 
rule ensures that V is lower on the walk W than T. From (151) and ( 155| ) it follows that V must 
be the next s-segment on W that is lower than V and that £(j SiTsiS ) must be the starting point of 
r'. Applying Lemma 



47 



shows that (J s ,t s ) G T~L' s (note the inclusion-minimal choice of (J s ,t s )), 
completing the proof in this case. 

It remains to consider the case (J s ,t s ) G C(T-L s , F). Suppose for the sake of contradiction that there 
was some s-segment V that is lower than T on the walk W. By property (v) in Lemma 41 the 
segment T' can not be lowest segment of W, as we would otherwise have T-L s = S{F) and therefore 
C{% Sl F) = 0. So r' has an endpoint i£R r which clearly satisfies 



(156) 
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8€[r]\ {a} 




FIGURE 6. Notations used in the first part of the proof of Lemma 35 



and which is also the starting point of the next lower segment T (the segment V is an s-segment for 
some s £ [r] \ {s}). By property (ii) of Lemma 41 there is some (J, t) € Us such that 



'(J,f,s) 



(157) 



Applying the second part of Lemma 43 we thus obtain 



p7l> IHgp 

d e {J s ,u sl ,w {JstTstS) ) < ^j^g^^Xs^Tx^^ 



contradicting (155). This completes the proof also in this case. 



□ 



5.5. Proof of Lemma 35 We are now ready to prove Lemma 35 our main strategy invariant. 



Proof of Lemma [35| For the reader's convenience, Figure [6] illustrates the notations used in the first 
part of the proof. 



Let 



t (F, r, 6, a) := r ^(F)/e+nF)/e+l)(r-\S(F)\+l)(v(F)+l)+2 . /jja + j 



(158) 



where e = e(F,r,9,a) is the constant guaranteed by Lemma 51 (and explicitly defined in (142)). 



We argue by induction over the number of vertices of the board. For the induction base consider 
the board at the beginning of the game when no vertex is added yet. It is convenient for the proof 
to extend the statement of the lemma to (H, tt) being the null graph (the graph whose vertex set is 
empty). For this graph we define H' to be the null graph as well. Clearly, for every s £ [r], every 
copy of the null graph (H, ir) 'in color s' on the board is contained in this subgraph H' of the board, 
and we have /j,$(H') = = \q{H,W(h^,s)) an d v(H') = < w max - This shows that the second 
condition of the lemma holds at the beginning of the game and settles the induction base. 

For the induction step, let v denote the vertex added in the current step of the game, T> s , s £ [r], 



the families defined in (106), and a the color the strategy PAINT0 assigns to the vertex v. By the 
first part of Lemma 49 we have T> a C T-t a . 



62 



For a fixed graph (H, tt) G T> ai ir = (v\, . . . , v^), we consider a fixed copy of (H \ vi,ir \ v\) in color 
a that is completed by v to a copy of (H, tt) in this color. Denoting by E v a the corresponding set of 
edges incident to v, we clearly have 

\E v a \ = deg H (vi) . (159) 
By induction, we know that this copy of (H \ vi,ir \ v%) is contained in a graph H' a = (V a , E a ) with 

lie{K)<\e{H\v Xl w {H ^ a) ) (160) 



(recall from (23) that w^ H7T ^(u) = ui( H \ Vl ^\ Vl ^(u) for all u G H\v\) and 

v(K) < v max . (161) 

For every s G [r] \ {cr}, let ( J s , t s ) be an inclusion-minimal graph from the family J s C T> s defined in 
(109), and let u s i denotes the youngest vertex of (J s ,t s ). For each s 6 [r] \ {a} we consider a fixed 
copy of ( J s \ u s i,T s \ u.si) in color s that is completed by v to a copy of ( J s , t s ) (the vertex v has the 
color a ^ s, so the resulting copy is not monochromatic). Denoting by Eg the corresponding set of 
edges incident to v, we clearly have 

\E V S \ = deg j3 (u sl ) , sG[r]\W . (162) 

By induction, those copies of (J s \ u s i,t s \ u s i) are contained in graphs J' s = (V S ,E S ) with 

w(J's) < \e{J s \u s i,W( JatTa;S )) , se[r]\{a} , (163) 

and 

v(J' s ) < v m ax , se[r}\ {a} . (164) 
Applying Lemma [51~| shows that the graphs (H,ir) and (J s ,t s ), s G [r] \ {cr}, satisfy 

Y (MJs\usi,W(j a , Ta ,8)) - d egj s (^ s i)) < W(h,*,<t)(vi) ■ (165) 

se[r]\{a} 

If fig(H' a ) < or fJ,g(J' s ) < for some s G [r] \ {cr}, we have found a graph if with hq{K') < 
and v(K') < f max (see (161) and (164)). Otherwise we have ^(H^) > and Hg(J' s ) > for all 
s G [r] \ {cr}- We will argue later that this implies even stronger bounds on the number of vertices 
of H' a and J' s , namely 

v(K) < (w - \)/r , 
v(J' s )<(v max -l)/r , se[r)\{a} . 

We define the graph H' = (V, E') as 

V := {v} U [J V s , 

SeW (167) 
£':= U(^U^) 

sS[r] 

(see Figure [6]). This graph clearly contains the copy of (H,tt) in color a we are considering. 
Furthermore, we define for 2 < s < r the graphs 

K' s :=(v s n |J F t ,£ s n [J Ek) ■ (168) 

KKs-l KKs-1 



From (166) and (168) we conclude that v(K' s ) < (v max — l)/r < v m£LX , 2 < s < r. Therefore, if 
fj,g(K' s ) < for some 2 < s < r, then we have found a graph if with /j>q(K') < and v(K') < v max . 
Otherwise we have 

Vo{K' s ) > , 2 < s < r . (169) 
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With ((T59J) and ( [l62| we obtain from (l67\) and ( fl68| ) that 

»(tf) = i+ B (iC)+ E E . 

se [r]\M 2<s<r 

e(H') = e(H' a ) + deg H (v 1 ) + E (e(^) + deg Js - E < K 's) 



(170) 



se[r]\{ CT } 



2<s<r 



Me 



Combining our previous observations yields 

(H'j^l + W^-deg^-H E (w(4)-deg Js Ki)-^)- E 

se[r]\{cr} 2<s<r 

160l,(|T63l,Jl69l 

+ \ e (H\vi,w {Ht7T ,a)) - deg H {vi) • + E (M*/ s \ w s i,^(j 3 ,r 3 , s )) - deg Js (u s i) • <9) 

se[r]\{<r} 



20) 



< \q(H \ v\, w^ij^^) + l + w (Hi7T:a) (v 1 ) -deg H (vx) ■ 9^X (H, W(h,k,ct)) 



(171) 



which proves (111). From (166) and (167) we conclude that v(H') < v max . 

It remains to show ( |166[ ), i.e. that for every graph H' as defined in (167) with fig(H') > we have 
v(H') < (f max — l)/ r - F° r the reader's convenience, the notations used in this part of the proof are 
illustrated in Figure [7] 

In the above argument we constructed the graph H' containing the copy of (H, tt) in color a in- 
ductively from the graph H' a containing the copy of {H \ vi,ir \ v±) in color a and the graphs J' s 
containing the copies of (J s \ u s i,t s \ u s \) in color s, s G [r] \ {cr}. We associate this inductive 
construction with a node-colored rooted tree T(H'), some of whose non-leaf nodes receive a special 
marking (we refer to it as a flag), as follows (see the upper part of Figure [7|: The nodes of T(H') 
correspond to monochromatic copies of graphs from S(F) on the board (the same copy may appear 
as a node multiple times). If (H,tt) is the null graph 'in color cr' (recall that in this case H' is the 
null graph as well), T(H') consists only of this copy of (H, ir) as an isolated node which receives the 
color a. Otherwise T(H') consists of the copy of (H, tt) as the root node joined to r subtrees, T(H' a ) 
and T(J' S ) for all s 6 [r] \ {cr}. The root node receives the color a, and it is flagged if and only if 



the instance of the inequality ( 165 ) corresponding to this induction step is strict. Note that the tree 



T(H') captures only the logical structure of the inductive history of H' . Overlappings (captured by 
the graphs K' s , 2 < s < r) are completely neglected. 



Every flagged node of T(H') corresponds to a strict inequality in ( 165 ). In this case, inequality ( 171 ) 



is strict as well, with a difference of at least e between the right and left hand side, where e is the 
constant guaranteed by Lemma [51] Consequently, each flagged node contributes a term of — e to 



the right hand side of (171) in the corresponding induction step. Accumulating these terms along 



(172) 



the induction yields that 

^{H')<\ e {H,w ( H^- ) )-f{H').e , 
where f(H') denotes the number of flagged nodes in T(H'). 

By Lemma [15] we have \e{H,W( H ^,<T)) < v(F). Thus if fi$(H') > 0, then by ( [mj ) the tree T(H') 
has at mosiXg(H,w^H.TT,cr))/ £ ^ v (F)/ £ many flagged nodes. We will show that this bound on the 
number of flagged nodes of T(H') implies the claimed bound of (f max — l)/ r on the number of 
vertices of H' . To that end, we first show that the length of any descending path in T(H') that 
consists only of non-flagged nodes is bounded by a constant depending only on F and r. We will 
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FIGURE 7. Notations used in the second part of the proof of Lemma 35 



do so by showing that any descending sequence of non-flagged nodes in T(H') corresponds to an 



ascending sequence of points on the walk W defined in Lemma 41 

Specifically we assign to every non-leaf node Z in T(H') a point x(Z) G W on the walk W as 
follows: Let a denote the color of Z and (H, tt) the graph for which a copy in color a is represented 
by the node Z. We define x(Z) as the starting point of the a-segment that contains the point x^ l7V ,a) 
on the walk W. 

Consider a descending sequence Z,Z\, . . . , Z^, Z of consecutive non-flagged nodes in T(H'), where 
Z has some color a £ [r], all nodes Z%, . . , , Zf, have the same color s £ [r] \ {a} and Z has some 
color s' G [r] \{s} (see the lower right part of Figure [7]). Let (H,ir) be the graph for which a copy 
in color a is represented by the node Z, and (J s ,t s ), t s = (u s i, . . . , u sc ), the graph for which a 
copy of (J s \ u s i,t s \ u s \) in color s is represented by the node Z\. Using these definitions, clearly 
the nodes Z\, . . . , Z\, represent a sequence of nested copies of (J~ a ,T~ a ), a = 1, . . . , b, in color s, 
where (J^ a ,T~ a ) := (J s \ {u s i, . . . ,u sa },T s \ {u s i, . . . ,u sa }). Let T denote the cr-segment of the 
walk W that contains the point X(^ j7r cr ) and V' the s-segment that contains the point x^j-b T -b s ^ 
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(the starting points of these segments are x{Z) and x(Zjf), respectively; see the lower left part of 
Figure [7]). As the node Z is not flagged, the corresponding instance of the inequality (165) is tight. 



Hence, by Lemma 51 we have (J s ,t s ) G %' s UC(H s ,F), and if (J s ,t s ) E H' s , then X(j sj t siS ) is the 
starting point of the next s-segment on W that is lower than V, whereas if (J s ,t s ) G C(7i s ,F), then 
there is no s-segment on W lower than V. In the first case we apply Lemma [48] to conclude that T 
is lower than T' on the walk W, in the second case this conclusion is trivially true. It follows that 
in any case x{Z) is lower on the walk than x[Z\f). 

Let now P be a descending path in T(H') that consists only of non-flagged nodes, and recall that 
our goal is to bound the length of P by a constant depending only on F and r. We refer to a 
maximal sequence of consecutive nodes of the same color along P as a section in this color (in the 
above argument, Zi,...,Zb is a section in color s). Moreover, we call a section of P internal if it 
is neither the first nor the last section on P. By the argument above, for the last node Z of an 
internal section and the last node Z of the preceding section on P, x(Z) is higher on the walk W 
then x{Z). As the walk W contains at most r ■ \S(F)\ different elements, the path P can have at 
most r • |5(-F)| — 1 internal sections, and at most r • |5(F)| + 1 sections in total (including the first 
and last section). As each section consists of at most v(F) + 1 nodes, P consists of at most 

(r ■ \S(F)\ + l)(v(F) + 1) =: p (173) 

nodes, proving that the length of P is indeed bounded by a constant depending only on F and r. 

Since in total there are at most v(F)/e many flagged nodes in T(H'), the depth of T(H') is bounded 
by 

v(F)/e + (v(F)/e + l)p =: t , (174) 

where the first term bounds the number of flagged nodes and the second term the number of non- 
flagged nodes. Consequently, we have 

v(T(H')) <l + r + r 2 + -- -+r*< r m . 

Observing that every node of T(H') corresponds to at most v (F) vertices of H' , we finally obtain 
that 



v(H')<r^-v(F)^^^(v max -l)/r • 



This justifies (166) and concludes the proof. □ 



6. Proof of Theorem 0] 



We denote the board of the probabilistic process after i steps by Gj, where < i < n. We take the 
alternative view mentioned in Section in which the random edges leading from a newly added 
vertex to previous vertices are generated at the moment this vertex is revealed instead of at the 
beginning of the process. (Recall that each edge is inserted with probability p = p{n) independently 
from all other edges.) Thus Gi is an r-colored graph on i vertices, and the underlying uncolored 
graph is distributed as Gi jP . 

Recall that all our asymptotic results are with respect to n, the number of vertices of G n or G n)P . 
We write f(n) < g(n) if f(n) = o(g(n)), f(n) > g(n) if f(n) = u(g(n)), and f(n) x g(n) if 
f{n) = Q{g{n)). 

6.1. Lower bound. The crucial ingredient for the proof of the lower bound part of Theorem [4] is 
Lemma 1351 from Section [5] 

Proof of Theorem^ (lower bound). Let 9* = 9*{F,r) be defined as in Theorem [9j and let a* = 
a*(F,r) be a sequence from the set [r] 7 "! 5 ^! for which the minimum in the definition of Ag*(F, r) 



(">(■"> 



in (24) is attained. We show that the strategy PAINT(i ? , r, 9* , a*) defined in Section 5.1 a.a.s. avoids 
F for all n steps of the process if 

-l/ml(F,r)^ n -9* 



n 



(175) 



By the choice of a* and the definition in (24) we have that for all colors s E [r] and all vertex 

(176) 



orderings ir E II (V^i 7 )) there is a subgraph H Q F such that 



V(^^| H , 8 ))<A9.(F,r)W0 



According to Lemma 35 we then have for each such (H,tt\h): if G n contains a copy of (H,it\h) 
in color s, then it contains a graph K' with v(K') < f max and /iq*(K') < 0, or a graph U' with 

Vmax and 

Jml fi76] 

This yields a family W = W(jF, 7r, s, r) of graphs W' satisfying \xq* (W) < and u(W') < i> m ax such 
that, deterministically, G n contains a graph from W if it contains a copy of (F,tt) in color s. It 
follows that G n contains a graph from 

W* = W*(F,r) := (J W(F,ir,B,r) 

se[r] 

7ren(v(F)) 

if it contains a monochromatic copy of 

Moreover, since no graph in W* has more than v ma , x (F, r, 0*(F, r), ct*(F, r)) vertices, the size of W* 
is bounded by a constant only depending on F and r. By the definition of //#*() in (|6]) and the fact 
that /Lt0. (W') < for all W' E W*, the expected number of copies of the (underlying uncolored) 
graphs from W* in G UtP is of order 



E 



E 

W'6W* 



r?' 



It follows with Markov's inequality that a.a.s. Gn tP contains no copy of any of the (underlying 
uncolored) graphs from W*. Consequently, a.a.s. G n contains no copy of any of the graphs from W* 
and hence no monochromatic copy of F. This proves the claimed lower bound on the threshold of 
the probabilistic process. 

To prove the second part of Theorem [1] it suffices to show that the strategy PAINT(i ? , r, 9*, a*) is an 
optimal strategy for Painter in the deterministic two-player game, i.e., that it is a winning strategy 
in the game with density restriction d for any d < m*(F,r) = 1/9* (we have already argued that 
this strategy can be implemented as a polynomial-time algorithm in Section 1.5 and Remark 34). 
Fix some < d < 1/9* and define 9 := 1/d > 9*. Suppose Painter plays according to the strategy 
PAINT(i ? , r, 9* , q*) in the game with density restriction d and suppose for the sake of contradiction 



that the game ends with a monochromatic copy of F. Then as before it follows from Lemma 35 that 
the board contains a graph K' with 

^(K')<0 (177) 

or a graph H' with 

W *(iT')<0 (178) 
(note that H' contains at least one vertex and as a consequence of (178) and the definition in Q 
also at least one edge; similarly, K' contains at least one edge as a consequence of (177)). Using 
that 9 > 9* it follows from (177), (178) and the definition in ^ that in any case the board contains 
a graph W (with v(W) > 1) satisfying He(W') < 0, or equivalently, e(W')/v{W) > 1/9 = d, 
violating the given density restriction. □ 
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6.2. Upper bound. As in the proof of Lemma [8] we identify Builder's strategies in the deterministic 
two-player game with r colors with finite r-ary rooted trees, where each node at depth k of such a 
tree is an r-colored graph on k vertices, representing the board after the £;-th step of the game. 

Note that in this formalization, a given tree T represents a generic strategy for Builder (in the 
deterministic game with r colors) that may or may not satisfy a given density restriction d, and that 
can be thought of as a strategy for the 'i^-avoidance' game for any given graph F. We say that T is 
a winning strategy for Builder in a specific F-avoidance game if and only if every leaf of T contains 
a monochromatic copy of F . We say that a Builder strategy T is a legal strategy in the game with 
density restriction d if and only if e(H)/v(H) < d for every subgraph H of every node B in T ■ 

When we say that Gi, the board of the probabilistic process after i steps, contains a copy of some 
r-colored graph B (e.g. a node of some Builder strategy 7") we mean that there is a subgraph of Gi 
that is isomorphic to B as a colored graph. 

The upper bound part of Theorem [4] is an immediate consequence of the following lemma. 

Lemma 52 (Random process reproduces Builder strategy). Let r > 2 be a fixed integer, let d > 
be a fixed real number, and let T represent an arbitrary legal strategy for Builder in the deterministic 
game with r colors and density restriction d. 

If p> n~ l l d , then regardless of the online coloring strategy employed, a.a.s. G n contains a copy of 
a leaf of T . 

Proof of Theorem^ (upper bound). By Theorem [3] there exists a legal winning strategy Tfor Builder 
in the deterministic .F-avoidance game with r colors and density restriction d = m*(F,r). As 



each leaf of T contains a monochromatic copy of F, applying Lemma 52 to T yields that if p 3> 
Po(F, r, n) = n~ l l m *^ F,r \ then a.a.s. G n contains a monochromatic copy of F, regardless of the online 
coloring strategy employed, which is exactly the upper bound statement of Theorem [4] □ 



In order to prove Lemma 52 we shall show the following more technical statement by induction 
on k. 

Lemma 53 (Random process reproduces Builder strategy step by step). Let r > 2 be a fixed integer, 
let d > be a fixed real number, and let T represent an arbitrary legal strategy for Builder in the 
deterministic game with r colors and density restriction d. 

If p S> n~ l l d , then for any integer k > 1 the following is true. Regardless of the online coloring 
strategy employed, a.a.s. one of the following two statements holds: 

• G n contains a copy of a leaf of T , or 

• there is a node B at depth k in T such that G n contains Q(n v ( BS> p e ( B )) many copies of B. 

The second property of Lemma [53] is meaningful since, due to the assumption that T is a legal 
strategy for Builder in the game with density restriction d, we have 

e{B)/v(B) < m(B) < d , 

which yields with p 3> n~ x l d > n~ v ( B ' ) / e ( B * ) that 

n HB) p e(B) x 



Proof of Lemma 52. Set k := depth(7~) + 1 in Lemma 53 □ 



It remains to prove Lemma 



53 



OS 



Proof of Lemma 53. We proceed by induction on k. For the induction base k = 1, note that each of 
the r nodes B at depth 1 in T consists simply of an isolated vertex, colored in one of the r available 
colors. Clearly, G n contains at least n/r = O(n) copies of one of these by the pigeonhole principle. 

For the induction step we employ a two-round approach. That is, we divide the process into two 
rounds of equal length re/2 (w.l.o.g. we assume n to be even) and analyze these two rounds separately. 
Denoting the vertices added throughout the process by vx, . . . , v n , the first round consists of adding 
the vertices v±, . . . , v n /2 together with the corresponding random edges. At the end of the first round, 
we thus obtain a graph G n /2, to which we can apply the induction hypothesis and some standard 
random graph arguments. The second round consists of adding the vertices t> ra /2+i) • • • > v n (together 
with the corresponding random edges). Using a variance calculation, we show that conditional on 
a 'good' first round, the second round turns out as claimed. (In fact, our argument does not make 
use of any edges added between vertices of the set {f n /2+i) • • • , v n }.) 

By the induction hypothesis, if the graph G ra / 2 does not contain a copy of a leaf of T (in which case 
we are done), a.a.s. it contains a family of 

M x V (BO) (179) 



copies of some graph B° corresponding to a non-leaf node at depth k — 1 in T ■ We label these copies 
B°, 1 < i < M. Let B denote the graph obtained from B° by adding a new vertex v to it together 
with edges connecting v to B° as prescribed by Builder's next move specified by T (so v is uncolored 
in B, but assigning it one of the r available colors yields exactly one of the children of B° in T). 

For each copy B°, 1 < i < M, and each vertex V£, re/2 + 1 < £ < n, we fix a set En of deg B (v) 
many vertex pairs such that if the elements of E± i are actual edges generated in the second round, 
then vg together with those edges completes B° to a copy of B. We let be the indicator variable 
for the event that the elements of En are generated as edges in the second round. Let 

M n 

z '■= Yj Yl Zi > e ' 

i=l £=n/2+l 

and note that by the pigeonhole principle at least Z/r many copies of one of the children of B° in 
T are created. Thus the second condition of the lemma is satisfied if we show that a.a.s. 

We will do so by the methods of first and second moment. 
We clearly have 

p T [Z itt = 1] =p\ E ^ =p de s B (v) ) 
and, conditioning on the first round satisfying the induction hypothesis, 

E[Z] = M ■ n/2 • p ^S B (v)^B n v(B) p e(B) _ ( lgl ) 



In the following, we slightly abuse notation and write B also for the uncolored graph underlying 
B. Let T> denote the family of all (uncolored) graphs D that can be constructed by considering the 
union of two copies of B intersecting in at least two vertices, one of which must be the vertex v 
(we again slightly abuse notation in the following and refer to the corresponding vertex in each such 
graph D as v). For any D G T>, we denote by D° the graph obtained by removing v from D. 
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To calculate the variance of Z, observe that the variables Zn and Zjfi are independent whenever 
£ ^ £' or B° H Bj = 0. Hence such pairs can be omitted, and we have 

M n 

Var[Z]=^ ( E l Z i,e Z jM ~ H Z iMZj,l'}) 

i,j=l e,£'=n/2+l 



< 



i,j=l,...,M: £=n/2+l 

E E E p ,E - 

DeV i,j=l,...,M : l=n/2+l 
B?nB°=D° 

1 J 



(182) 



< Y M D° ■ 6(1) • np Ae ^) t 
Dev 

where Mo° denotes the total number of copies of D° in (the underlying uncolored graph of) G n /2- 
By definition of T>, each D E P satisfies 

v{D°) = 2v{B)-v{J) - 1 , 
e{D°) = 2e(B) - e(J) - deg D (v) 



(183) 



for some subgraph JOB. Moreover, since we assumed that T is a legal strategy for Builder in the 
game with density restriction d, we have 

e{J)/v(J) < m(B) < d , 

which yields with p 3> rT x l d > n" v ^ J ^ e ^ that 

n <J)p<J) > i . (184) 



Thus the expected number of copies of D° in (the underlying uncolored graph of) G n /2 is 



n 



6(1) • p^°)^ n 2v(B)-v(J)-l p 2e(B)-e(J)-dcg D (v)^ n 2v(B)-l p 2e(B)-dcg D (v) 



y v(D° 

and Markov's inequality implies that 



M D o « n 2v{B)-l p 2e(B)-dc gD {v) 



(185) 



a.a.s. As moreover the number of graphs in T> is bounded by a constant depending only on T, a.a.s. 
(185) holds for all D £ T> simultaneously. 



Thus, conditioning on the first round satisfying the induction hypothesis (cf. (179)), and (185) for 
all D 6 T>, we obtain from (182) that 



11851 



Var[Z] <P ^ ( // // 



v(B) e(B) 



2 }18T 



E[Z] 2 . 



Dev 



Chebyshev's inequality now yields that a.a.s. the second round satisfies (180). This implies that 
there is at least the claimed number of copies of one of the children of B° in G n , as discussed. □ 



Acknowledgement 



We thank Michael Belfrage for many inspiring discussions about online Ramsey games. 



70 



References 



currently http : //w ww . as . inf . ethz . ch/muetze| |http: //www. as . inf . ethzTc h/rast and http : //www.mpi-inf . 
mpg . de/~rspoehel 

D. Achlioptas and E. Friedgut. A sharp threshold for fc-colorability. Random Structures Algorithms, 14(l):63-70, 
1999. 

N. Alon and M. Krivelevich. The concentration of the chromatic number of random graphs. Combinatorica, 
17(3):303-313, 1997. 

N. Alon, M. Krivelevich, and B. Sudakov. List coloring of random and pseudo-random graphs. Combinatorica, 
19(4):453-472, 1999. 

J. Balogh and J. Butterfield. Online Ramsey games for triangles in random graphs. Discrete Mathematics, 
310(24):3653-3657, 2010. 

J. Beck. There is no fast method for finding monochromatic complete subgraphs. J. Combin. Theory Ser. B, 
34(l):58-64, 1983. 

J. Beck. Achievement games and the probabilistic method. In Combinatorics, Paul Erdos is eighty, Vol. 1, Bolyai 
Soc. Math. Stud., pages 51-78. Janos Bolyai Math. Soc, Budapest, 1993. 

M. Belfrage, T. Miitze, and R. Spohel. Probabilistic one-player Ramsey games via deterministic two-player games. 
Submitted. 

T. Bohman, A. Frieze, and B. Sudakov. The game chromatic number of random graphs. Random Structures 
Algorithms, 32(2):223-235, 2008. 

B. Bollobas. Threshold functions for small subgraphs. Math. Proc. Cambridge Philos. Soc, 90(2):197-206, 1981. 
B. Bollobas. The chromatic number of random graphs. Combinatorica, 8(l):49-55, 1988. 

B. Bollobas and A. Thomason. Generalized chromatic numbers of random graphs. In Proceedings of the Sixth 
International Seminar on Random Graphs and Probabilistic Methods in Combinatorics and Computer Science, 
"Random Graphs '93" (Poznan, 1993), volume 6, pages 353-356, 1995. 

J. Butterfield, T. Grauman, W. Kinnersley, K. Milans, C. Stocker, and D. West. On-line Ramsey theory for 
bounded degree graphs. Submitted, 2011. 

A. Coja-Oghlan, K. Panagiotou, and A. Steger. On the chromatic number of random graphs. J. Combin. Theory 
Ser. B, 98(5):980-993, 2008. 

D. Conlon. On-line Ramsey numbers. SIAM J. Discrete Math., 23(4):1954-1963, 2009/10. 

E. Friedgut. Hunting for sharp thresholds. Random Structures Algorithms, 26(1-2) :37-51, 2005. 
E. Friedgut, Y. Kohayakawa, V. Rodl, A. Rucihski, and P. Tetali. Ramsey games against a one-armed bandit. 
Combin. Probab. Comput., 12(5-6):515-545, 2003. Special issue on Ramsey theory. 

E. Friedgut and M. Krivelevich. Sharp thresholds for certain Ramsey properties of random graphs. Random 
Structures Algorithms, 17(1): 1-19, 2000. 

G. R. Grimmett and C. McDiarmid. On colouring random graphs. Math. Proc. Cambridge Philos. Soc, 77:313- 
324, 1975. 

J. A. Grytczuk, M. Haluszczak, and H. A. Kierstead. On-line Ramsey theory. Electron. J. Combin., ll(l):Research 
Paper 60, 10 pp. (electronic), 2004. Paper number later changed by the publisher from 60 to 57. 
J. A. Grytczuk, H. A. Kierstead, and P. Pralat. On-line Ramsey numbers for paths and stars. Discrete Math. 
Theor. Comput. ScL, 10(3):63-74, 2008. 

S. Janson, T. Luczak, and A. Rucinski. Random graphs. Wiley-Interscience Series in Discrete Mathematics and 
Optimization. Wiley-Interscience, New York, 2000. 

R. Kang and C. McDiarmid. The ^improper chromatic number of random graphs. Combin. Probab. Comput., 
19(l):87-98, 2010. 

H. A. Kierstead and G. Konjevod. Coloring number and on-line Ramsey theory for graphs and hypergraphs. 
Combinatorica, 29(l):49-64, 2009. 

M. Krivelevich and B. Patkos. Equitable coloring of random graphs. Random Structures Algorithms, 35(l):83-99, 
2009. 

A. Kurek and A. Rucihski. Globally sparse vertex-Ramsey graphs. J. Graph Theory, 18(1):73-81, 1994. 
A. Kurek and A. Rucinski. Two variants of the size Ramsey number. Discuss. Math. Graph Theory, 25(1-2) :141- 
149, 2005. 

P.-S. Loh and B. Sudakov. On the strong chromatic number of random graphs. Combin. Probab. Comput., 
17(2):271-286, 2008. 

T. Luczak. The chromatic number of random graphs. Combinatorica, ll(l):45-54, 1991. 

T. Luczak. A note on the sharp concentration of the chromatic number of random graphs. Combinatorica, 
ll(3):295-297, 1991. 

[31] T. Luczak, A. Rucihski, and B. Voigt. Ramsey properties of random graphs. J. Combin. Theory Ser. B, 56(1):55- 
68, 1992. 



71 



[32] M. Marciniszyn and R. Spohel. Online vertex-coloring games in random graphs. Gombinatorica, 30(1):105-123, 

2010. An extended abstract appeared in the proceedings of SODA '07. 
[33] M. Marciniszyn, R. Spohel, and A. Steger. Online Ramsey games in random graphs. Combin. Probab. Comput., 

18(Special Issue l-2):271-300, 2009. 
[34] M. Marciniszyn, R. Spohel, and A. Steger. Upper bounds for online Ramsey games in random graphs. Combin. 

Probab. Comput., 18(Special Issue l-2):259-270, 2009. 
[35] D. W. Matula. Expose-and- merge exploration and the chromatic number of a random graph. Combinatorica, 

7(3):275-284, 1987. 

[36] C. McDiarmid. On the chromatic number of random graphs. Random Structures Algorithms, l(4):435-442, 1990. 
[37] T. Miitze and R. Spohel. On the path-avoidance vertex-coloring game. Submitted. 

[38] P. Pralat. A note on small on-line Ramsey numbers for paths and their generalization. Australas. J. Combin., 
40:27-36, 2008. 

[39] P. Pralat. 71(3,4) = 17. Electron. J. Combin., 15(l):Research Paper 67, 13, 2008. 

[40] E. Scheinerman. Generalized chromatic numbers of random graphs. SIAM J. Discrete Math., 5(l):74-80, 1992. 



